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MAXIMAL CONTACT AND SYMPLECTIC STRUCTURES
OLEG LAZAREV
Abstract. We introduce a procedure for gluing Weinstein domains along Weinstein sub-
domains. By gluing along flexible subdomains, we show that any finite collection of high-
dimensional Weinstein domains with the same topology are Weinstein subdomains of a
‘maximal’ Weinstein domain also with the same topology. As an application, we produce
exotic cotangent bundles containing many closed regular Lagrangians that are formally La-
grangian isotopic but not Hamiltonian isotopic and also give a new construction of exotic
Weinstein structures on Euclidean space. We describe a similar construction in the contact
setting which we use to produce ‘maximal’ contact structures and extend several existing
results in low-dimensional contact geometry to high-dimensions. We prove that all contact
manifolds have symplectic caps, introduce a general procedure for producing contact man-
ifolds with many Weinstein fillings, and give a new proof of the existence of codimension
two contact embeddings.
1. Introduction
1.1. The category of Weinstein domains. One of the main problems in symplectic topol-
ogy is to classify all symplectic structures on a given smooth manifold. In this paper, we will
focus on Weinstein domains, which are exact symplectic manifolds equipped with a Morse
function compatible with the symplectic structure. These domains encompass a large class
of exact symplectic manifolds, like cotangent bundles and affine varieties. There has been
significant progress on classifying Weinstein domains in dimension 4. For example, there is a
unique Weinstein structure on B4 and T ∗S2 while there is no Weinstein structure on S2×D2
[16], although it has the necessary smooth topology. On the other hand, there is no such
classification result for any high-dimensional domain. Furthermore, any high-dimensional
smooth domain with the appropriate topology has infinitely many different Weinstein struc-
tures, distinguished by the Floer-theoretic invariant symplectic cohomology [50, 16]. To
further complicate matters, there are Weinstein domains with vanishing symplectic coho-
mology over certain finite fields but not over the integers [2] or with vanishing symplectic
cohomology over the integers but non-vanishing twisted symplectic cohomology [53].
Fortunately, there is a natural relationship on the set of Weinstein domains which sheds
some light on the classification problem. This relationship is given by Weinstein cobordisms,
which are exact symplectic cobordisms that have Morse functions compatible with the sym-
plectic structure. A Weinstein cobordismW has a splitting of its boundary ∂W into positive
and negative components ∂+W,∂−W on which the Morse function is increasing, decreasing
respectively in an outward direction; see Section 2. These boundaries have natural contact
structures and if W1,W2 are two Weinstein cobordisms such that ∂+W1, ∂−W2 agree, then
we can glue W1,W2 along this contact manifold to get a Weinstein cobordism W1 ◦W2. We
call this gluing operation concatenation. Note that concatenation does not actually require
Wi to be Weinstein and also works if Wi are Liouville cobordisms, i.e. exact symplectic
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cobordisms with contact-type boundary, possibly without a compatible Morse function. We
can also concatenate Weinstein cobordisms to Weinstein domains. If W1 is a Weinstein
domain and C is a Weinstein cobordism with matching contact boundaries, then W1 ◦ C is
another Weinstein domain W2; equivalently, W1 is a Weinstein subdomain of W2. If there
is a Weinstein cobordism from domain W1 to W2 and from W2 to W3, then there is also a
Weinstein cobordism from W1 to W3 obtained by concatenating.
By concatenating Weinstein cobordisms, we can enrich the set of Weinstein domains to a
category. More precisely, let Weinstein be the category whose objects are Weinstein domains
and whose morphisms are given by Weinstein cobordisms between Weinstein domains, with
composition of morphisms given by concatenation; both domains and cobordism will be up
to Weinstein homotopy. Since we are mainly interested in symplectic structures that are
the same from the point of view of smooth topology, we will often fix an almost symplectic
structure (W 2n, J), an almost complex structure J on W 2n. Let Weinstein(W,J) be the
subcategory of Weinstein whose objects are Weinstein domains in the almost symplectomor-
phism class (W,J) and whose morphisms are smoothly trivial Weinstein cobordisms; gluing
a smoothly trivial cobordism to a Weinstein domain does not change the almost symplec-
tomorphism type. As we will see, many existing results about Weinstein domains can be
reformulated in terms of the Weinstein categories Weinstein and Weinstein(W,J). In this
paper, we investigate some properties of these categories and give applications. We also
note that there is a different category in symplectic topology that is also called the Wein-
stein category [64], whose objects are (closed) symplectic manifolds and whose morphisms
are Lagrangian correspondences; however this more general category seems less suited for
the geometric applications we have in mind, like Corollaries 1.6, 1.7.
One important property of Weinstein cobordisms is that they induce maps on J-holomorphic
curve invariants like symplectic cohomology. More precisely, Viterbo [63] showed that if W0
is a Weinstein subdomain of W1, then there is a transfer map SH(W1) → SH(W0) on
symplectic cohomology. That is, symplectic cohomology SH is a contravariant functor from
Weinstein to the category of unital rings. More generally, symplectic cochains gives a functor
from Weinstein to L∞-algebras and the wrapped Fukaya category gives a functor to trian-
gulated categories [3] but in this paper we will focus mainly on the symplectic cohomology
functor since the implications of such a functor are already quite interesting. Via this func-
tor, certain properties of the ring category can be transferred to the Weinstein category.
Since J-holomorphic curves and associated functors like symplectic cohomology are the only
known source of rigidity of the Weinstein category, one guiding question is to what extent the
Weinstein category differs from the category of rings. Although there are different Weinstein
domains with the same symplectic cohomology [53], we will show that certain properties of
the category of rings have shadows in the Weinstein setting. In particular, we will focus
more on the morphisms of the Weinstein category than the objects.
The category of rings has a terminal object, the zero ring, and any ring has a unique map
to that ring. This trivial algebraic statement has an interesting geometric analog. Cieliebak
and Eliashberg [16] showed that if (W 2n, J) is almost Weinstein, i.e. W 2n has a smooth
Morse function whose critical points have index at most n, and n ≥ 3, then there is a special
flexible Weinstein structure Wflex in Weinstein(W,J). This flexible structure has vanishing
symplectic cohomology [53] and satisfies an h-principle [16], meaning that its symplectic
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topology reduces to the underlying algebraic topology. In previous work, the author [45]
proved that Wflex is a minimal element in Weinstein(W,J). Namely, for any Weinstein
structure W 2n, n ≥ 3, there is a smoothly trivial Weinstein cobordism C2n from W 2nflex to
W 2n; see Theorem 3.1 below. However unlike in the category of rings which has a unique
terminal object, it is not known whether the flexible structure is the only minimal object in
Weinstein(W,J) or whether there can exist non-flexible minimal elements, e.g. subflexible
exotic Weinstein balls. On a related note, the category of unital rings is not symmetric:
any non-zero ring has a unital ring map to the zero ring but not conversely. Similarly, the
Weinstein category is not symmetric: the existence of a Weinstein cobordism from W0 to
W1 does not imply the existence of a Weinstein cobordism from W1 to W0. So directionality
is quite important in the Weinstein setting, unlike in the smooth case.
Another basic property of the category of rings is the existence of pullbacks. Hence
it is natural to ask if the Weinstein category has pushouts, which are dual to pullbacks.
Although we do not know if pushouts exist in this category, we will show that there are
objects that satisfy a certain extension property similar to that of a pushout. Geometrically,
this extension corresponds to a certain gluing of Weinstein domains along subdomains, or
Weinstein cobordisms along contact manifolds. As we explained, two Liouville cobordisms
W1,W2 with ∂+W1 = ∂−W2 can be concatenated to produce W1 ◦W2, which corresponds
to composition of morphisms. Weinstein cobordisms have an additional property which will
be crucial in this paper: they can be glued if their negative boundaries ∂−W1, ∂−W2 agree,
without the condition ∂+W1 = ∂−W2 on the positive boundary of W1. We will call this
operation stacking to distinguish it from concatenation.
Theorem 1.1. Suppose W1, · · · ,Wk are Weinstein cobordisms such that ∂−Wi = (Y, ξ) for
all i. Then there are Weinstein cobordisms Ci with ∂−Ci = ∂+Wi such that Wi ◦ Ci are all
Weinstein homotopic. If W 2ni are smoothly trivial and n ≥ 3, then so are C
2n
i .
See Theorem 2.1 for a more precise version. We can take (Y, ξ) to be the positive end
of some Weinstein domain W0 and form the Weinstein homotopic domains W0 ◦Wi ◦ Ci.
Then Theorem 1.1 can be formulated in categorical terms as follows: every diagram in
Weinstein(W 2n, J), n ≥ 3, of the form
W1
W0 W2
ϕ02
ϕ01 (1.1)
can be extended to a commutative diagram
W1 W3
W0 W2
ϕ13
ϕ02
ϕ01 ϕ23 (1.2)
for some Weinstein domain W3 ∈ Weinstein(W,J). A similar result holds in the category
Weinstein, without any restrictions on n. The domain W3 is essentially W1,W2 glued along
the subdomain W0. However W3 is not unique. There are many domains that can be
fit into the commutative diagram Figure 1.2 and in fact, the stacking construction itself
involves many choices; see Section 2.2. We do not know whether there exists a “best”
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possible W3, i.e. whether the Weinstein category actually has pushouts, corresponding
to the fact that the category of rings has pullbacks. Ganatra, Pardon, and Shende [36]
recently considered a related but different gluing operation along Weinstein sectors, which
are Weinstein domains equipped with the extra data of a Weinstein hypersurface in their
contact boundary. Inclusions of Weinstein sectors induce covariant maps on J-holomorphic
curve invariants while the inclusions of Weinstein subdomains considered in this paper induce
contravariant maps.
One important aspect of the stacking construction in Theorem 1.1 is that it uses Weinstein-
ness in a crucial way, unlike the concatenation construction for Liouville cobordisms. Hence
we do not know whether the extension property above holds for the category of almost
symplectomorphic Liouville domains, with morphisms given by smoothly trivial Liouville
cobordisms; see Question 2.5. Understanding the difference between Liouville and Weinstein
domains is a major open problem in symplectic topology.
Now we discuss some applications of the stacking construction to maximal Weinstein
structures. As we explained above, the flexible structure Wflex is a minimal element in
Weinstein(W,J). Given the flexibility of minimal elements, one would expect a maximal
element of Weinstein(W,J) to display rigidity and have rich J-holomorphic curve invariants;
it would also seem that such an element could not be produced via an h-principle. Although
we do not know whether there is a maximal Weinstein domain that contains all other almost
symplectomorphic domains as subdomains, we can use the stacking construction to show that
any finite collection of Weinstein domains does have a maximal element. Even though such
maximal elements do have interesting J-holomorphic curve invariants, their construction
relies crucially on flexibility methods, in particular the existence of minimal elements and
the h-principle for flexible Weinstein structures.
Theorem 1.2. For any almost symplectomorphic Weinstein domains W 2n1 , · · · ,W
2n
k , n ≥
3, there exists an almost symplectomorphic Weinstein domain W 2n such that all W 2ni are
Weinstein subdomains of W 2n and W 2n\W 2ni is a smoothly trivial Weinstein cobordism.
See Theorem 3.2. The key point of Theorem 1.2 is that W 2n is almost symplectomorphic
to the original domains W 2ni . Indeed, if we drop this condition, then we can just take
W to be the boundary connected sum W 2n1 ♮ · · · ♮W
2n
k , which clearly contains all W
2n
i as
subdomains. This construction works if Wi are Weinstein structures on the standard ball
but not for domains with more general topology. Hence the construction in Theorem 1.2 is
a kind of generalized boundary connected sum operation that does not change the smooth
topology of the Weinstein domain and is closely related to the “pushout” in Theorem 1.1.
However since Theorem 1.2 uses an h-principle, we do not have an explicit description of
this maximal construction.
Although we do know whether there is a maximal Weinstein domain that contains all
other almost symplectomorphic Weinstein domains, there is a maximal Weinstein manifold,
whose compatible Morse function has possibly infinitely many critical points.
Corollary 1.3. For any almost Weinstein domain (W 2n, J), n ≥ 3, there exists a maximal
Weinstein manifold W 2nmax almost symplectomorphic to the completion of (W,J) such that
any Weinstein domain almost symplectomorphic to (W,J) is a subdomain of W 2nmax.
MAXIMAL CONTACT AND SYMPLECTIC STRUCTURES 5
See Corollary 3.4. We also investigate the converse to Theorems 1.1, 1.2 and show that
all domains can be obtained by stacking flexible Weinstein domains. In fact, a Weinstein
domain obtained by stacking subdomains can be covered by those subdomains, implying the
following result.
Corollary 1.4. For any Weinstein domain W 2n, n ≥ 3, with π1(W ) = 0, there exist two
Weinstein subdomains ϕ1, ϕ2 :W
2n
flex →֒ W
2n such that ϕ1(W
2n
flex) ∪ ϕ2(W
2n
flex) =W
2n.
See Corollary 3.13. Here the Weinstein subdomains ϕi(Wflex) can intersect the boundary
of W . Also, the sources of ϕ1, ϕ2 are only Weinstein homotopic to Wflex and may not
actually be the same domains. The number of flexible embeddings in Corollary 1.4 needed
to cover W is sharp since if W is covered by a single subdomain, then it agrees with that
subdomain.
Example 1.5. Any Weinstein domain Σ2n, n ≥ 3, almost symplectomorphic to B2nstd can be
covered by two Weinstein subdomains B2n1 , B
2n
2 which are Weinstein homotopic to B
2n
std.
So this type of symplectic Lusternik-Schnirelmann category does not have much symplectic
information, at least when we cover by subdomains that are Weinstein homotopic to Darboux
balls. This category may be more interesting if the covering is by actual Darboux balls.
The maximal construction in Theorem 1.2 can be viewed as an operation on the set
Weinstein(W,J) that combines existing Weinstein domains to produce a new Weinstein
domains with certain desired properties. In particular, it can be used to produce exotic
Weinstein domains, which are the same from the point of view of smooth topology but
not symplectic topology. Although exotic Weinstein domains are an example of symplectic
rigidity, our construction of such domains via Theorem 1.2 will rely on h-principles from
the flexible side of symplectic topology. For example, Theorem 1.2 can be used to produce
Weinstein domains with many closed exact Lagrangians.
We first explain how to construct Weinstein domains with many Lagrangians that have
different smooth topology. For simplicity, we assume that the ambient Weinstein domain
is almost symplectomorphic to T ∗Sn although there are similar results for more general
domains. Any closed formal Lagrangian L in T ∗Sn, with possibly some exotic Weinstein
structure, must have trivial complexified cotangent bundle T ∗Ln ⊗ C. If the Lagrangian is
regular, i.e. has Weinstein complement, then [L] ∈ Hn(T
∗Sn) ∼= Z is ±1; for n even this
implies that χ(L) = 2. In previous work, Eliashberg, Ganatra, and the author [26] proved
the converse: for any closed smooth manifold Ln, n ≥ 3 and even, such that Ln is orientable,
T ∗L ⊗ C is trivial, and χ(L) = 2, there exists an exotic Weinstein structure T ∗SnL almost
symplectomorphic to T ∗Sn that contains L as a regular Lagrangian. We extend their result
to the case of multiple Lagrangians.
Corollary 1.6. For any closed orientable manifolds Ln1 , · · · , L
n
k , n ≥ 3 and even, with trivial
T ∗Lni ⊗ C and χ(L
n
i ) = 2, there exists a Weinstein domain T
∗SnL1,··· ,Lk almost symplecto-
morphic to T ∗Snstd that contains L
n
1 , · · · , L
n
k as regular Lagrangians.
Proof. By Theorem 1.2 there is a Weinstein domain T ∗SnL1,··· ,Lk almost symplectomorphic
to T ∗Snstd that contains all of T
∗SnL1 , · · · , T
∗SnLk as Weinstein subdomains. 
In particular, there exist exotic cotangent bundles that contain arbitrarily many non-
homotopy-equivalent closed exact Lagrangians. However it is not known whether there
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exist Weinstein domains with infinitely many such Lagrangians. We note that a version of
Corollary 1.6 holds for n odd with slightly different topological conditions on Lni . By gluing
another Weinstein cobordism to T ∗SnL1,··· ,Lk , it is possible extend Corollary 1.6 to Weinstein
domains with more general smooth topology.
A variation on the maximal construction can be used to produce Weinstein domains
with many closed, exact Lagrangians that have the same topology. There has been much
recent work on this problem. For example, [62, 61, 59] produce infinitely many Lagrangian
tori in certain closed symplectic 4-manifolds like CP2 using a construction motivated by
mirror symmetry and related to cluster algebras; in fact, these are infinitely many regular
Lagrangian tori in CP2\E, where E is the elliptic curve. Our method produces only finitely
many Lagrangians but with essentially arbitrary topology. Furthermore, we can control the
smooth topology of the ambient Weinstein domain. However we cannot hope to control
the symplectic topology of this domain since for certain special Weinstein domains, e.g.
cotangent bundles, there are strong restrictions on the topology of their Lagrangians.
Corollary 1.7. For any closed manifold Mn, n ≥ 3, and any k, there is a Weinstein domain
W 2nk almost symplectomorphic to T
∗Mnstd and k regular Lagrangians embeddings of M
n into
W 2n that are formally Lagrangian isotopic but are not pair-wise Hamiltonian isotopic.
See Corollary 5.7. As we will explain in the proof, these k closed Lagrangians are dis-
tinguished by a ‘test’ Lagrangian disk in W 2n that has different wrapped Floer cohomology
with each of them. From the categorical point of view, we expect that the regular Lagrangian
embeddings of Mn into W 2n give rise to many different morphisms from T ∗Mnstd to W
2n
in Weinstein(T ∗Sn); however actually proving this seems to require the stronger statement
that the k Lagrangians are not related by a symplectomorphism of W 2n. On the other hand,
by results [35] on the nearby Lagrangian conjecture, there cannot be any morphisms from
W 2n to T ∗Mstd, another example of asymmetry in Weinstein. Corollary 1.7 can be combined
with Corollary 1.6 to produce exotic cotangent bundles with a whole zoo of closed regular
Lagrangians, including those that have different topology or have the same topology but
are not Hamiltonian isotopic. So the construction of exotic Weinstein domains with many
different Lagrangians is also quite flexible.
1.2. The category of contact structures. The boundaries of a Weinstein cobordism have
natural contact structures and hence there are contact analogs of the categories Weinstein
and Weinstein(W,J). Let Contact be the category whose objects are contact structures
and morphisms are Weinstein cobordisms; see [57] for a similar category whose morphisms
are Liouville cobordisms. For an almost contact structure (Y, J), let Contact(Y, J) be the
subcategory of Contact whose objects are contact structures almost contactomorphic to (Y, J)
and morphisms are smoothly trivial Weinstein cobordisms. As we will explain, many classical
results and problems in contact topology concern the categories Contact and Contact(Y, J).
We first note that the contact and Weinstein categories have some similarities. Like
Weinstein, the category Contact satisfies a similar extension property as in Diagrams 1.1,
1.2 given by the stacking construction; in fact, this is precisely the statement of Theorem
1.1. Furthermore the category Contact has also a functor to the category of unital rings
given by a certain J-holomorphic curve invariant called contact homology [27, 57]. There is a
functor from Weinstein(W,J) to Contact(∂W, J) obtained by restricting a Weinstein domain
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to its contact boundary; this functor is faithful but is not full nor essentially surjective.
Furthermore, the symplectic cohomology and contact homology functors do not commute
with this restriction functor.
Analogous to the flexible structure Wflex in Weinstein(W,J), there exists a special over-
twisted structure in Contact(Y, J) constructed by Borman, Eliashberg, and Murphy [9]. This
structure also satisfies an h-principle and has vanishing contact homology [10]. Casals,
Murphy, and Presas [14] showed that for n ≥ 3, the overtwisted structure (Y 2n−1, ξot) is a
minimal element in Contact(Y 2n−1, J); for n = 2, Contact(Y 3, J) might not have minimal el-
ements but Etnyre and Honda [33] showed that any overtwisted contact 3-manifold (Y 3, ξot)
is minimal in Contact. Our main result for contact manifolds is the existence of maximal
contact structures, analogous to the existence of maximal Weinstein structures in Theorem
1.2. Again, the proof relies on flexibility results like the h-principle for overtwisted contact
structures [9].
Theorem 1.8. For any contact manifolds (Y 2n−11 , ξ1), · · · , (Y
2n−1
k , ξk), n ≥ 3, there exist
Weinstein cobordisms C2ni such that ∂−C
2n
i = (Y
2n−1
i , ξi) and ∂+C
2n
i are all contactomor-
phic. If (Y 2n−1i , ξi) are almost contactomorphic, then C
2n
i can be taken to be smoothly trivial.
See Theorem 4.1 and Corollary 4.6 for the proof. Theorem 1.8 is a geometric version
of a result of Bowden, Crowley, and Stipsicz [12] for maximal almost contact structures:
there is an almost contact manifold (Mmax, Jmax) such that for any almost contact manifold
(Y, J) (with possibly different topology), there is an almost Weinstein cobordism (W 2n, J)
with ∂−(W,J) = (Y, J) and ∂+(W,J) = (Mmax, Jmax). The first claim in Theorem 1.8
for arbitrary contact manifolds can be reduced to the second claim in Theorem 1.8 for al-
most contactomorphic structures by this result of Bowden, Crowley, and Stipsicz [12]. We
also prove a similar result in dimension 3, although the Weinstein cobordisms Ci are no
longer smoothly trivial; see Theorem 4.2. As in the Weinstein setting, we do not know
an explicit description of the maximal construction in terms of contact surgery presenta-
tions. For example, this maximal construction is quite different from the usual contact
connected sum operation, even when (Y 2n−1, J) is (S2n−1, Jstd): if (Y1, ξ1) is overtwisted,
then (Y1, ξ1)♯(Y2, ξ2) is also overtwisted and hence if (Y2, ξ2) is fillable, there is no Weinstein
cobordism from (Y2, ξ2) to (Y1, ξ1)♯(Y2, ξ2) (although there is a natural Weinstein cobordism
from (Y1, ξ1)
∐
(Y2, ξ2) to (Y1, ξ1)♯(Y2, ξ2)).
The maximal construction Theorem 1.8 provides a uniform approach to several problems
in contact topology. Our first application is a structure result for contact manifolds. Given
a framed isotropic sphere in a contact manifold, there is a procedure called contact surgery
that produces a new contact manifold and for a Legendrian sphere Λ, there is a similar anti-
surgery procedure; see Section 2 for details. Contact surgery and anti-surgery presentations,
along with open book decompositions, are the main explicit models for contact manifolds and
are quite useful for calculations. Ding and Geiges [19] showed that all contact 3-manifolds
can be obtained via contact surgery and anti-surgery on (S3, ξstd). We generalize their result
to high-dimensions.
Corollary 1.9. If (Y 2n−1, ξ), n ≥ 3, has an almost Weinstein filling, then (Y 2n−1, ξ) can be
obtained from (S2n−1, ξstd) by a sequence of contact surgeries and anti-surgeries.
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See Corollary 4.5. If (Y 2n−1, ξ) is obtained from (S2n−1, ξstd) by contact surgery or anti-
surgery (of index n), then it has a smooth filling that admits a Morse function with critical
points of index at most n. This is the same as having an almost Weinstein filling, except for
the existence of an almost complex structure. Hence the condition that (Y 2n−1, ξ) has an
almost Weinstein filling cannot be significantly weakened. So our result is essentially sharp if
one allows only contact surgery or anti-surgery of index n. If coisotropic contact surgeries of
all indices are allowed, Conway and Etnyre [17] have informed us that all contact manifolds
are attainable by surgery.
Example 1.10. For any contact structure (S2n−1, ξ) in (S2n−1, Jstd), there exist Legendrians
Λ1,Λ2 ⊂ (S
2n−1, ξstd) such that (S
2n−1, ξ) is obtained from (S2n−1, ξstd) by contact surgery
on Λ1 and contact anti-surgery on Λ2.
One of the main problems in contact topology is to classify all convex symplectic fillings
of a given contact manifold (Y, ξ). These are symplectic domains whose symplectic form
expands outward near the boundary and induces the contact structure (Y, ξ). Weinstein do-
mains are a special case and the set of Weinstein fillings of (Y, ξ) correspond to morphisms
in Contact from the empty contact structure to (Y, ξ). There has been much progress in
understanding fillings in dimension 3; for example, S3 and T 3 with their standard contact
structures have unique Weinstein fillings [16, 65]. In high-dimensions, certain special contact
manifolds also have very restricted fillings (at least restricted topologically). For example,
Eliashberg, Floer, and McDuff [49] showed that all exact fillings of the standard contact
sphere (S2n−1, ξstd) are diffeomorphic to the ball; also see [7, 43] for generalizations to sub-
critically and flexibly-filled contact manifolds. On the other hand, certain contact manifolds
have no fillings. Since there is no unital ring map from the zero ring to a non-zero ring, a
contact manifold with vanishing contact homology cannot have a Weinstein (or exact) filling.
Hence overtwisted structures have no fillings.
There is also a long history of constructing contact manifolds with multiple fillings, es-
pecially in dimension 3. Ozbagci and Stipcisz [55] discovered the first example of a contact
3-manifold with infinitely many non-homotopy-equivalent Weinstein fillings. Controlling
the topology of the fillings is quite subtle in this dimension but there are now examples of
contact 3-manifolds with infinitely many homeomorphic but not diffeomorphic fillings [5],
fillings with arbitrary fundamental group [6], “large” fillings with unbounded Euler char-
acteristic and signature [8], and “small” fillings with b2 = 2 [4]. The first example of a
high-dimensional contact manifold with infinitely many non-homotopy equivalent Weinstein
fillings is due to Oba [54]. Many of these constructions use open book decompositions of
contact manifolds and construct fillings by finding different factorizations of the open book
monodromies into positive Dehn twists. Such an approach is feasible in dimension 3 since
the symplectic mapping class group agrees with the ordinary mapping class group for 2-
dimensional surfaces and is generated by Dehn twists. The symplectic mapping class group
of high-dimensional domains is much less understood; in general, it does not agree with the
smooth mapping class group and is not generated by Dehn twists.
We can use the maximal construction in Theorem 1.8 to give an alternative construc-
tion of contact manifolds with many fillings that does not depend on understanding the
high-dimensional symplectic mapping class group. Our construction converts Weinstein
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domains with almost contactomorphic boundaries into domains with genuinely contacto-
morphic boundaries.
Corollary 1.11. Let W 2n1 , · · · ,W
2n
k , n ≥ 3, be Weinstein domains such that ∂W
2n
i are
almost contactomorphic. Then there are Weinstein domains X2ni that are almost symplec-
tomorphic to W 2ni and contain W
2n
i as a subdomain such that ∂X
2n
i are contactomorphic.
In particular, if (Y 2n−1, J), n ≥ 3, has an almost Weinstein filling W 2n, then for any k ≥ 0,
there is a contact structure (Y, ξk) in (Y, J) with at least k non-homotopy-equivalent Wein-
stein fillings.
Remark 1.12. More generally, W 2ni can be Liouville domains, in which case X
2n
i will also be
Liouville domains containing W 2ni as Liouville subdomains.
Proof. Since (Y 2n−1i , ξi) := ∂W
2n
i are almost contactomorphic, by Theorem 1.8 there exist
smoothly trivial Weinstein cobordisms C2ni such that ∂−C
2n
i = (Y
2n−1
i , ξi) and ∂+Ci are
all contactomorphic. Then X2ni := W
2n
i ◦ C
2n
i satisfy all conditions in the first claim. For
the second claim, it suffices find infinitely many non-homotopy-equivalent almost Weinstein
domains W 2ni with boundary (Y, J) and use Eliashberg’s existence h-principle [22] for We-
instein domains. For example, let W 2ni := W
2n♮(♮iB2n0 ) where B
2n
0 is a certain Brieskorn
manifold [60] if n is odd and B2n0 is one of the manifolds from [18, 37] if n is even. 
Bowden, Crowley, and Stipsicz [11] gave a topological criterion for an almost contact
manifold to admit an almost Weinstein filling. Combining their result with Corollary 1.11,
we get a topological criterion for an almost contact class to admit contact structures with
arbitrarily many Weinstein fillings. Furthermore, we have complete control over the smooth
topology of the fillings and although we cannot control their symplectic topology, we can
require our fillings to have prescribed subdomains since Wi is a subdomain of Xi. Another
notable feature of our construction is that it uses flexible methods like the h-principle for
overtwisted contact structures [9] in contrast to the more algebraic approach of factorizing
symplectomorphisms into Dehn twists [55, 8, 54]. It would be interesting to relate these two
approaches and determine whether our fillings define new relations in the symplectic mapping
class group. In Section 4.2, we discuss some possible implications for the symplectic mapping
class group from our maximal construction.
There is also an analog of Corollary 1.11 in dimension 3 but it is necessarily weaker. This
result follows from Theorem 4.2, the 3-dimensional analog of Theorem 1.8.
Corollary 1.13. Suppose W 41 , · · · ,W
4
k are Weinstein domains with almost contactomorphic
contact boundaries. Then there exist Weinstein domains X41 , · · · ,X
4
k with contactomorphic
boundaries such that X4i contains W
4
i as a subdomain and X
4
i \W
4
i has k − 1 Weinstein
2-handles and no 0, 1-handles.
Corollary 1.11 produces contact manifolds with many fillings. On the other hand, certain
special contact manifolds have few fillings. This contrast shows that these contact manifolds
must be different, as must their bounding Weinstein domains.
Example 1.14. For n ≥ 3 and any k ≥ 1, there exists a Weinstein domain Σ2nk almost sym-
plectomorphic to B2n such that its contact boundary ∂Σ2nk has k non-homotopy-equivalent
Weinstein fillings. By a result of Eliashberg-Floer-McDuff [49], any Weinstein filling of the
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standard contact structure (S2n−1, ξstd) = ∂B
2n
std must be diffeomorphic to B
2n. Hence the
contact boundary ∂Σk is not contactomorphic to (S
2n−1, ξstd), which implies that Σ
2n
k is not
Weinstein homotopic to B2nstd and the completion Σ̂k is not symplectomorphic to (C
n, ωstd).
There are many existing constructions of exotic Weinstein balls [58, 50, 2], distinguished
by the presence of non-displaceable Lagrangian tori or symplectic cohomology. However it
is unknown whether these previous examples have exotic Weinstein fillings of their contact
boundary; our domains Σ2nk are built precisely to have such fillings.
Now we discuss some applications of the maximal construction to convex symplectic fill-
ings, also called symplectic caps. For caps, the symplectic form expands inward near the
boundary and so the symplectic structure cannot be exact by Stoke’s theorem. There is no
topological obstruction to the existence of a symplectic cap and any almost contact manifold
has an almost symplectic cap [11]; for the same reason, there is no topological obstruction
to a convex symplectic filling although we know that these do not always exist. Lisca and
Matic´ [47] showed that any contact manifold with a Weinstein filling has a cap. Using this
result along with the fact that the mapping class group of surfaces is generated by Dehn
twists, Etnyre and Honda [33] showed that all contact 3-manifolds have symplectic caps;
Eliashberg [24] gave a different proof of this result. The existence of these caps was a crucial
ingredient in the proof of Property P for knots [42]. Later Eliashberg and Murphy [30]
showed that overtwisted contact manifolds in any dimension admit symplectic caps. Hence
concave fillings seem more flexible than their convex siblings and there are many contact
manifolds that have no convex fillings but do have concave fillings. However once certain
topological conditions are imposed on the cap, they become quite rigid and, in fact, a useful
tool for classifying convex fillings [46, 49, 31]. Therefore symplectic caps seemed to be on
the boundary of symplectic rigidity and flexibility and it was unclear how restrictive caps
are. Wendl [66] asked whether all contact structures admit symplectic caps. In the following
result, we will show that this is indeed the case.
Corollary 1.15. Every contact manifold (Y 2n−1, ξ), n ≥ 3, has a symplectic cap.
Proof. By applying Theorem 1.8 to (Y 2n−1, ξ) and any Weinstein-fillable contact mani-
fold ∂W 2n, we see that there is a Weinstein cobordism C2n0 from (Y
2n−1, ξ) to a different
Weinstein-fillable contact structure ∂V 2n; see Corollary 4.9 for details. Lisca and Matic´ [47]
proved that ∂V 2n has a symplectic cap C2n. Then C2n0 ◦C
2n is a symplectic cap of (Y 2n−1, ξ)
as desired. 
While completing this paper, we learned that Conway and Etnyre [17] have proven a
similar result. Combining Corollary 1.15 with the existing proof of the n = 2 case [33, 24],
we see that all contact manifolds, in any dimension, have symplectic caps. Corollary 1.15
does not seem to provide any control over the topology of the symplectic cap of a given
contact manifold. This is because the crucial result [47] also does not provide any control. It
is possible that symplectic caps with wildly different topology are needed to cap off almost
contactomorphic contact structures. In fact, by gluing Weinstein cobordisms on top of
∂(W 2n ◦C2n2 ) with arbitrarily large middle-dimensional homology with positive intersection
form and capping them off, we can produce infinitely many symplectic caps of the same
contact manifold with different topology. Hence symplectic caps of contact manifolds are not
unique. We do not know how to determine the smallest symplectic cap of a given contact
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manifold, a question which seems related to the open problem of existence of symplectic
structures on closed manifolds.
Corollary 4.7 shows that for any finite collection of contact manifolds, possibly with dif-
ferent topology, there is a maximal element with respect to Weinstein cobordism. We do
not know whether there is a contact structure that is maximal for all contact manifolds.
A weaker notion than Weinstein cobordism is that of a strong symplectic cobordism, which
is exact near the boundary but perhaps not in the interior. Wendl [67] showed that sym-
plectic caps are quite useful for constructing strong symplectic cobordisms between contact
manifolds; for example, he showed that in dimension 3, there is a contact structure that is
maximal for all contact manifolds with respect to strong cobordisms. Combining Wendl’s
argument with the existence of caps in Corollary 1.15, we can prove that there exists such a
maximal contact structure in high-dimension dimensions.
Corollary 1.16. For n ≥ 3, there exists a connected, non-empty maximal contact manifold
(Y 2n−1max , ξmax) such that for any (Y
2n−1, ξ), possibly with different topology, there exists a
strong symplectic cobordism W 2n with ∂−W = (Y, ξ) and ∂+W = (Ymax, ξmax).
Remark 1.17. The smooth and symplectic topology of W 2n of course depend on (Y, ξ). The
key point is that the contact structure on ∂+W
2n is independent of (Y, ξ).
Proof. Following Wendl’s argument [67], let W 2n be a Liouville domain such that ∂W is
disconnected with two components (Y1, ξ1), (Y2, ξ2); such domains exist in all dimensions
by [48]. There is a Weinstein cobordism W1 from (Y2, ξ2)
∐
(Y 2n−1, ξ) to (Y2, ξ2)♯(Y
2n−1, ξ)
given by a Weinstein 1-handle. By Corollary 1.15, (Y2, ξ2)♯(Y
2n−1, ξ) has a symplectic cap
C2n. Then we can glue W 2n,W 2n1 along (Y2, ξ2) and W
2n
1 , C
2n along (Y2, ξ2)♯(Y
2n−1, ξ)
to get a strong symplectic cobordism from (Y, ξ) to (Y1, ξ1) as desired. Hence we can set
(Ymax, ξmax) := (Y1, ξ1). 
The proof above shows that the maximal contact structure is in fact quite explicit: it can
be taken to be any component of any Liouville domain with disconnected boundary. However
this maximal contact structure is not unique. Any other contact structure obtained from
this structure via contact surgery is also maximal.
Our final application of the maximal construction Theorem 1.8 is to isocontact embed-
dings. Gromov [40] proved an h-principle for isocontact embeddings of codimension at least
4: if (Y 2m+1, ξ) admits an almost contact embedding into (Z2n+1, ξ) and m ≤ n − 2, then
there is a genuine contact embedding of (Y 2m+1, ξ) into (Z2n+1, ξ). Recently, Pancholi and
Pandit [56] used open book decompositions and overtwisted contact structures to prove an
h-principle type result in the codimension two case; also see [32, 34] for embeddings of con-
tact 3-manifolds into contact 5-manifolds via braided and spun embeddings. We will give
an alternative proof of the result of Pancholi and Pandit using a variation of our maximal
construction and Murphy’s existence h-principle for loose Legendrians [52].
Theorem 1.18. If (Y 2n−1, ξ0), n ≥ 3, has a contact embedding into (Z
2n+1, ξ) with trivial
normal bundle and (Y 2n−1, ξ1) is almost contactomorphic to (Y
2n−1, ξ0), then (Y
2n−1, ξ1)
also has a contact embedding into (Z2n+1, ξ).
See Theorem 4.12. We do not know whether Theorem 1.18 holds under the weaker as-
sumption that (Y 2n−1, ξ1) just has an almost contact embedding into (Z
2n+1, ξ), without
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the existence of a contact embedding of (Y 2n−1, ξ0). If (Z
2n+1, ξot) is overtwisted, then
our result does hold under this weaker assumption, as proven by Borman, Eliashberg, and
Murphy [9]. We also note that Casals, Murphy, and Presas [14] have shown that a suffi-
ciently large neighborhood of an overtwisted contact submanifold is also overtwisted. On
the other hand, Theorem 1.18 shows that there are many codimension two embeddings of
overtwisted contact manifolds into tight contact manifolds. Therefore the neighborhoods of
the overtwisted submanifolds in the ambient contact manifold must be quite small; indeed,
a sufficiently small neighorhood of any codimension two contact submanifold is tight [41],
even if the contact submanifold is abstractly overtwisted.
Now we give an outline of the rest of the paper. In Section 2, we provide some background
material on symplectic cobordisms and introduce the stacking construction. In Section 3,
we apply this construction to Weinstein domains and prove the results stated in Section 1.1.
In Section 4, we construct maximal contact structures and prove the results from Section
1.2. In Section 5, we consider some applications to Lagrangians.
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2. Background
In this section, we present some background material on symplectic cobordisms and discuss
several gluing constructions.
2.1. Liouville andWeinstein cobordisms. Before definingWeinstein domains and cobor-
disms, we first review a more general type of symplectic cobordism. A Liouville cobordism
(W,λ) is a smooth cobordism W with boundary ∂W = ∂−W
∐
∂+W that is equipped with
a 1-form λ such that dλ is a symplectic form; in addition, the Liouville vector field X defined
by iXdλ = λ must be inward, outward transverse to the boundaries ∂−W,∂+W respectively.
In this case, (∂−W ; kerλ|∂−W ), (∂+W ; kerλ|∂+W ) are contact structures. We say that (W,λ)
is a Liouville cobordism between (Y−, ξ−), (Y+, ξ+) if ∂−W,∂+W with the induced contact
structures are contactomorphic to (Y−, ξ−), (Y+, ξ+) respectively. A Liouville domain is a
Liouville cobordism with ∂−W = ∅.
The natural notion of equivalence of Liouville cobordisms or domains is a Liouville ho-
motopy, a deformation through Liouville structures. As shown in [16], two homotopic Liou-
ville domain W1,W2 have exact symplectomorphic completions Ŵ1, Ŵ2, which are the open
symplectic manifolds obtained by gluing the domains to the symplectizations of their con-
tact boundaries. Homotopic domains also have contactomorphic boundaries. These results
demonstrates the importance of Liouville domains and homotopies since Moser’s trick does
not generally hold for open manifolds; for example, any two symplectic structures on R2n are
isotopic by Gromov’s h-principle [40], i.e. can be connected through symplectic structures,
but not all are symplectomorphic [50].
A Weinstein cobordism (W 2n, λ, ϕ) is a Liouville cobordism that admits a Morse function
ϕ : W → R compatible with the Liouville structure. More precisely, ϕ is constant on
∂±W and the Liouville vector field X is gradient-like for ϕ. This implies that the stable
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manifolds of X are isotropic with respect to the symplectic form dλ [16] and hence the
critical points of ϕ have index at most n. Therefore admitting a Weinstein structure severely
restricts the topology of W 2n. McDuff [49] constructed Liouville domains which do not
satisfy these topological conditions and therefore are not Weinstein. However there are no
known examples of Liouville domains that satisfy these topological conditions but are not
Weinstein.
Associated to the Weinstein Morse function ϕ :W 2n → R is a natural collection of contact
submanifolds and Weinstein domains inside W . Namely, the regular level sets ϕ−1(c) have
natural contact structures with contact form λ|ϕ−1(c) and the sublevel sets ϕ
−1(≤ c) are
Weinstein subdomains of W . These subdomains change in a precise way when we pass
through a critical value of ϕ. Suppose that p is a critical point of ϕ of index k with critical
value ϕ(p) = c. Let W− = ϕ
−1(≤ c− ε),W+ = ϕ
−1(≤ +ε) be Weinstein subdomains below,
above the critical value respectively and let (Y−, ξ−) = ∂W−, (Y+, ξ+) = ∂W+ be nearby
regular level sets with their induced contact structures. The X-stable manifold of p is an
isotropic k−disk and intersects Y− is an isotropic (k − 1)−sphere Λp (isotropic with respect
to the contact structure). Then W+ is obtained from W− by attaching a Weinstein handle
Hk toW− along Λp ⊂ (Y−, ξ−) = ∂W−, the attaching sphere of the handle. This procedure is
constructive and any Weinstein domain can be built up this way; hence a Weinstein Morse
function gives a symplectic handle-body decomposition of W . We will use the notation
W 2n ∪HkΛ to denote the Weinstein domain obtained by Weinstein handle attachment along
a (framed) isotropic sphere Λk−1 ⊂ ∂W .
We also note that Weinstein handle attachment changes the contact boundary (Y 2n−1, ξ) =
∂W 2n. The operation taking ∂W 2n to ∂(W 2n ∪HkΛ) is called contact surgery and it makes
sense for any contact manifolds, not just the boundaries of Weinstein domains. We will use
the notation (Y 2n−1, ξ)∪HkΛ to denote the contact surgery of (Y, ξ) along Λ ⊂ (Y, ξ). Contact
n-surgery has an inverse operation called contact anti-surgery. Given a Legendrian sphere
Λ+ ⊂ (Y+, ξ+), there is a contact manifold (Y−, ξ−) and a Legendrian Λ− ⊂ (Y−, ξ−) such
that (Y+, ξ+) = (Y−, ξ−)∪H
n
Λ−
and the belt sphere of HnΛ− coincides with Λ+ ⊂ (Y+, ξ+). We
use the notation (Y+, ξ+) ∪H
n
Λ[+1] to denote the anti-surgered contact manifold (Y−, ξ−).
The natural notion of equivalence between Weinstein structures (W,λ0, ϕ0), (W,λ1, ϕ1)
on a fixed manifold W is a Weinstein homotopy. This is an interpolating 1-parameter
family of structures (W,λt, ϕt), t ∈ [0, 1], that are Weinstein except at isolated t at which
ϕt has a birth-death singularity, and are Liouville for all t. From the handlebody point
of view, Weinstein homotopies correspond to a sequence of three moves: isotopies of the
attaching spheres through isotropics, changing the order of attachment of handles that are
not connected by gradient trajectories, and handle-slides. Since a Weinstein homotopy
is a case of Liouville homotopy, homotopic Weinstein structures have symplectomorphic
completions. Therefore we can consider Weinstein domains and associated objects up to
Weinstein homotopy. For example, when we say that W0 = (W0, λ0, ϕ0) is a Weinstein
subdomain ofW1 = (W1, λ1, ϕ1), we mean that there is a Weinstein homotopy of (W1, λ1, ϕ1)
to (W1, λ
′
1, ϕ
′
1) so that (W0, λ0, ϕ0) is a sublevel set of ϕ
′
1. For a Weinstein subdomain W0
of W1 = (W1, λ1, ϕ1) that already is a sublevel set of ϕ1, a Weinstein homotopy of pairs
(W1,W0) is a Weinstein homotopy of W1 such that the subdomain W0 is preserved by the
homotopy, i.e W0 is a sublevel set of the entire family of Weinstein Morse functions ϕt. In
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particular, this is a Weinstein homotopy of the cobordism W1\W0. If (W1,W0), (W2,W0)
are Weinstein homotopic pairs, then there is an exact symplectomorphism f : Ŵ1 → Ŵ2
that is the identity between W0 ⊂W1 and W0 ⊂W2.
In this paper, we will be mainly concerned with two special types of Weinstein cobordisms.
A Weinstein cobordism W 2n is subcritical if it admits a Weinstein Morse function ϕ whose
critical points have index strictly less than n. A Weinstein cobordism W 2n is flexible if its
index n critical points are attached along loose Legendrian spheres; see [52, 16] for details.
In particular, any subcritical cobordism is flexible. Loose Legendrians have dimension at
least 2 and hence flexible domains are defined only for n ≥ 3. These two types of cobordisms
satisfy existence and uniqueness h-principles [16]. We say that a smooth cobordism W 2n is
almost Weinstein if it admits an almost complex structure and a Morse function ϕ that is
constant on ∂W = ∂−W
∐
∂+W and has critical points of index at most n. The existence
h-principle [22] states that any almost Weinstein domain W 2n, n ≥ 3, admits a flexible
Weinstein structure. The uniqueness h-principle [16] states that any two flexible Weinstein
domains that are almost symplectomorphic, i.e. are connected by non-degenerate 2-forms,
are Weinstein homotopic (and hence have symplectomorphic completions).
2.2. Concatenating and stacking. Now we discuss gluing Liouville and Weinstein cobor-
disms. Liouville cobordisms have a standard form near their boundaries. If ∂−W = (Y−, ξ−),
there is an open neighborhood of ∂−W of the form ([0, ε)×Y−, λ = e
tα,X = ∂
∂t
); here t is the
coordinate on the [0, ε) factor and α is some contact form for (Y−, ξ−). A similar statement
holds for ∂+W . Using these collar neighborhoods, it is possible to glue Liouville cobordisms.
More precisely, if W1,W2 are Liouville cobordisms such that ∂+W1 is contactomorphic to
∂−W2, then there exists a Liouville cobordism obtained by gluing W1,W2 along collared
neighborhoods of ∂+W1, ∂−W2. We will denote the resulting cobordism W1 ◦W2 and call it
the concatenation of W1,W2. It is independent of the choice of collared neighborhoods up
to Liouville homotopy. However W1 ◦W2 does depend on the choice of contactomorphism
between ∂+W1, ∂−W2; to make concatenation well-defined, we will concatenate W1,W2 only
when ∂+W1, ∂−W2 actually coincide. Note that ∂−(W1◦W2) = ∂−W1, ∂+(W1◦W2) = ∂+W2,
and W1 ◦W2 contains W1 as a Liouville subcobordism. If W1,W2 are Weinstein cobordisms,
then W1 ◦W2 is also a Weinstein cobordism. As explained in Sections 1.1, the morphisms
in the categories Weinstein(W,J),Contact(Y, J) are composed via concatenation.
The concatenation construction requires consecutive positive and negative contact bound-
aries of Liouville cobordisms to agree. In this paper, we introduce a different gluing con-
struction of Weinstein cobordisms called stacking that only requires the negative ends of
Weinstein cobordisms to agree. The following result implies Theorem 1.1 from the Intro-
duction, which we phrased as a certain extension property in Weinstein(W,J).
Theorem 2.1. If W 2n1 , · · · ,W
2n
k are Weinstein cobordisms such that ∂−Wi = (Y, ξ) for all
i, then there exists Weinstein cobordisms Ci with ∂−Ci = ∂+Wi such that Wi ◦ Ci are all
Weinstein homotopic to a Weinstein cobordism W ; if W 2ni are smoothly trivial and n ≥ 3, so
are C2ni and W
2n. Furthermore, W 2n is covered by the subdomains W 2ni and is homotopy-
equivalent, in the sense of topological spaces, to
∐
Wi/(∂−Wi ∼ ∂−Wj).
Proof. Let Si ⊂ W
2n
i be the skeleton of Liouville vector field Xi of the Weinstein structure
(W 2ni , λi, ϕi), i.e. the set of points of W
2n that does not reach to ∂+W
2n under the Xi-flow.
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As shown in [16], this singular space is compact and stratified by isotropic disks, namely the
cores of the Weinstein handles of W 2ni . The intersection Λi = Si ∩ (Y
2n−1, ξ) is similarly
stratified by isotropic submanifolds, which have dimension at most n − 1; this is the image
of the attaching spheres of the Weinstein handles of W 2ni in (Y
2n−1, ξ). We note that Si and
Λi may each have many components.
We now show that there are ambient contactomorphisms ϕi of (Y
2n−1, ξ) contact isotopic
to the identity such that ϕi(Λi) are all disjoint. First we suppose that Λ1 is a connected
smooth Legendrian. Then a small neighborhood of Λ1 is contactomorphic to J
1(Λ1) and
nearby Legendrians are given by graphs of 1-jets of functions. Thom’s jet transversality
theorem shows that for any stratified submanifold Σ of J1(Λ1) (not necessarily isotropic)
whose top-dimensional smooth strata have dimension k < n, there exists a C0-small function
f : Λ1 → R whose 1-jet Γ(f) in J
1(Λ1) is disjoint from Σ; see Theorem 2.3.2 of [29]. Since
Λ2, · · · ,Λk are stratified by isotropics, which have dimension less than n, we can apply
Thom’s theorem to Σ = (Λ2 ∪ · · · ∪ Λk) ∩ J
1(Λ1) and conclude that there exists a function
f : Λ1 → R such Γ(f) ⊂ J
1(Λ1) is disjoint from (Λ2 ∪ · · · ∪Λk)∩ J
1(Λ1). Since Λ1 and Γ(f)
are Legendrian isotopic in J1(Λ1), there exists an ambient contactomorphism ϕ1 contact
isotopic to the identity such that ϕ1(Λ1) = Γ(f) is disjoint from Λ2, · · · ,Λk. If Λ1 is not
smooth (or disconnected), then we construct ϕ1 by induction on the strata and components
of Λ1 (for example, by using thickenings of the subcritical strata to make them Legendrian).
Finally, we construct ϕ2, · · · , ϕk by induction.
Now we attach Weinstein handles along all the Λ :=
∐k
i=1 ϕi(Λi) ⊂ (Y, ξ). This is possible
the ϕi(Λi) are disjoint and handle attachment changes the contact manifold only in a small
neighborhood of the attaching sphere; therefore, the rest of isotropic spheres persist to the
new contact manifold when we attach a handle. If we can first attach along ϕi(Λi), the
resulting cobordism is Weinstein homotopic to Wi since ϕi(Λi) is contact isotopic to Λi, the
attaching spheres ofWi. Then we view
∐
j 6=i ϕj(Λj) as an isotropic subspace of ∂+Wi and let
Ci be the Weinstein cobordism with ∂−Ci = ∂+Wi obtained by attaching along
∐
j 6=i ϕj(Λj).
Since the order of handle attachment amongst the different ϕi(Λi) does not matter, all the
Wi ◦ Ci are Weinstein homotopic and we call this common Weinstein cobordism W . Note
that the Wi’s cover W since W is just the union of all the Wi’s, glued along their common
subspace (Y, ξ) = ∂−Wi; in particular, W is homotopy-equivalent, in the sense of topological
spaces, to
∐
Wi/(∂−Wi ∼ ∂−Wj).
Finally, suppose that W 2ni are all smoothly trivial and n ≥ 3. For simplicity, we will
assume that W 2ni = H
n−1
i ∪H
n
Λi
for a single Legendrian Λi that can be smoothly isotoped to
intersect the belt sphere of Hn−1i once; this can always be assumed to be the case [45]. Then
W = Hn−11 ∪ · · ·H
n−1
k ∪H
n
Λ1
· · · ∪HnΛk and Ci = W\H
n−1
i ∪H
n
Λi
. By looking at the trace
of this smooth isotopy, we see that there are Whitney disks that cancel out all intersection
points of Λi with this belt sphere (except for one). Since n ≥ 3, these Whitney disks are
generically disjoint from any other Legendrian sphere Λj. Hence we can use these disjoint
Whitney disks to smoothly isotope the link Λ1
∐
· · ·
∐
Λk ⊂ (Y, ξ) ∪ H
n−1 ∪ · · · ∪ Hn−1k
to a link Λ′1
∐
· · ·
∐
Λ′k such that each Λ
′
i intersects the belt sphere of H
n−1
i exactly once.
Therefore W 2n and C2ni are also smoothly trivial. 
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We will use the following notation to denote a Weinstein cobordism constructed as in
Theorem 2.1:
Stack(Y,ξ)(W1, · · · ,Wk)
We include the common contact manifold (Y, ξ) in the notation to highlight that the gluing is
done along (Y, ξ). As seen in the proof of Theorem 2.1, the construction of Stack(Y,ξ)(W1, · · · ,Wk)
depends on choices and hence this cobordism is not well-defined in terms of justW1, · · · ,Wk;
see the discussion below. So the notation Stack(Y,ξ)(W1, · · · ,Wk) just refers to a general
cobordism constructed as in Theorem 2.1.
We will also consider a slight generalization of Stack(Y,ξ)(W1, · · · ,Wk). IfW1, · · · ,Wk are
Weinstein cobordisms with a common Weinstein subcobordism ϕi :W0 →֒Wi, then we let
StackW0(W1, · · · ,Wk)
denote the Weinstein cobordism obtained by gluing along the common subcobordism W0;
more precisely, StackW0(W1, · · · ,Wk) :=W0 ◦Stack∂W0(W1\ϕ1(W0), · · · ,Wk\ϕk(W0)). We
will write StackW0((W1, ϕ1), · · · , (Wk, ϕk)) when we want to emphasize that the embeddings
ϕi are part of the data. This Weinstein cobordism contains Wi and W0 as subcobordisms
such that the inclusion of W0 into StackW0(W1, · · · ,Wk) factors through the inclusion of
Wi into StackW0(W1, · · · ,Wk). If W0 is the trivial Weinstein cobordism (Y, ξ)× [0, 1], then
we recover the previous construction Stack(Y,ξ)(W1, · · · ,Wk). We also note that this gluing
can be done along more general objects like Weinstein sectors or Liouville cobordisms; it is
important that the complements W\W0 are Weinstein cobordisms but the objects we glue
along can be Liouville.
Theorem 2.1 shows that the Weinstein cobordisms Wi ◦ Ci are Weinstein homotopic for
different i. These Weinstein homotopies are quite special because they have constant Li-
ouville vector field. More precisely, we fix some constants a < b < c. Then there is a
fixed Liouville vector field X on W and k Morse functions ϕi : W
2n → R such that X
is gradient-like for all ϕi and ϕ
−1
i (a) = ∂−W = (Y, ξ), ϕ
−1
i (c) = ∂+W,ϕ
−1
i ([a, b]) = Wi
and ϕ−1i ([b, c]) = Ci. Furthermore, if we fix Weinstein functions ψi : Wi → R such that
ψ−1i (a) = ∂−Wi, ψ
−1
i (b) = ∂+Wi, then we can assume that ϕi|Wi = ψi, i.e. ϕi extends ψi.
Since X is gradient-like for all ϕi, the Weinstein homotopy from (W,X,ϕi) to (W,X,ϕj) can
be given by (W,X, (1 − t)ϕi + tϕj); this will be a Weinstein homotopy if ϕi, ϕj are generic.
The Liouville vector field X is independent of t and hence these Weinstein structures have
the same Liouville skeleton.
From the proof of Theorem 2.1, it is clear that we can stack Weinstein cobordisms so
that Stack(Y,ξ)(W1, · · · ,Wk) is Weinstein homotopic to Stack(Y,ξ)(Wσ(1), · · · ,Wσ(k)) where
σ is any permutation of {1, · · · , k}. Also, we can also perform the construction so that
Stack(Y,ξ)(W1, · · · ,Wi, Stack(Y,ξ)(Wi+1, · · · ,Wk)) and Stack(Y,ξ)(W1, · · · ,Wi,Wi+1, · · · ,Wk)
are Weinstein homotopic. However, as pointed out above, there are many choices when con-
structing Stack(Y,ξ)(W1, · · · ,Wk) from W1, · · · ,Wk; indeed many W and Ci satisfy the con-
ditions in Theorem 2.1. As defined,W depends on the Weinstein presentation ofW1, · · · ,Wk.
Given Weinstein presentations of Wi, there are still further choices to be made by viewing
the individual attaching spheres of theWi as a link. These choices can even affect the smooth
topology of Stack(Y,ξ)(W1, · · · ,Wk), as the following examples demonstrate.
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Example 2.2. Let W1 = T
∗Sn = B2n ∪ HnΛunknot,1 and W2 = T
∗Sn = B2n ∪ HnΛunknot,1.
To construct StackB2n(W1,W2) we need to view Λunknot,1
∐
Λunknot,2 as a Legendrian link
in the same contact manifold (S2n−1, ξstd) = ∂B
2n. In general, there are many different
ways to do this, even smoothly. For example, if Λunknot,1
∐
Λunknot,2 ⊂ (S
2n−1, ξstd) are
Legendrian unlinked, then StackB2n(W1,W2) = T
∗Sn♮T ∗Sn, the boundary connected sum
of two copies of T ∗Sn. On the other hand, if Λunknot,2 is a Reeb pushoff of Λunknot,1 (so that
they have linking number −1), then StackB2n(W1,W2) = T
∗Sn♯pT
∗Sn is the plumbing of
two copies of T ∗Sn. So these two constructions yield manifolds with different intersection
forms.
Example 2.3. Generalizing the previous example, we note that Weinstein handle attach-
ment is the special case of stacking when the relevant Weinstein cobordisms have only one
critical point each. Consider two Legendrian spheres Λ1,Λ2 ⊂ (Y, ξ) and Weinstein cobor-
disms Wi = (Y, ξ)× [0, 1] ∪H
n
Λi
, i = 1, 2, obtained by attaching a Weinstein handle to (Y, ξ)
along Λi. These cobordisms have common negative boundary (Y, ξ) and so we can con-
struct Stack(Y,ξ)(W1,W2). This is precisely the result of Weinstein handle attachment to
some Legendrian link Λ1
∐
Λ2 such that the individual components are Legendrian isotopic
to Λ1,Λ2 respectively. So in this case the stacking operation is not well-defined because a
choice of two Legendrian embedding (up to Legendrian isotopy of each component) does
not determine a Legendrian link. Even if we fix the two Legendrian embeddings, the two
Legendrians might intersect and we will need to perturb them to get an embedded link; this
choice of perturbation can lead to non-isotopic Legendrian links.
Example 2.4. As we will see in the proof of Proposition 3.11, for any two Weinstein do-
mains W,V and any way of constructing Stack(W,V ), we can construct Stack(Wflex, Vflex)
so that it is Weinstein homotopy equivalent to Stack(W,V ). In particular, we can arrange
so that all the symplectic data of Stack(W,V ) is contained in the linking of the loose Leg-
endrian attaching spheres of Wflex, Vflex and hence is not uniquely defined just from the
data of Wflex, Vflex. In particular, any Weinstein structure W is Weinstein homotopic to
StackWflex(Wflex,Wflex).
Of course if Wi are Liouville cobordisms such that ∂+Wi = ∂Wi+1, then we can concate-
nate these cobordisms to produce the cobordism W :=W1 ◦W2 ◦ · · · ·Wk. However even in
this restricted case, it is not clear that we can Liouville homotope W to Wi ◦ Ci for some
Liouville cobordism Ci so that Wi is the lower level cobordism. So in the Liouville case, it
is not clear that we can switch the order of the cobordisms arbitrarily. We also note that
Theorem 2.1 can fail for Liouville cobordisms just for topological reasons. If k-handles are
present for k ≥ n + 1, then the attaching spheres of different Wi may intersect, even after
generic smooth perturbation, and it may be impossible to construct W even smoothly. We
do not know whether Liouville cobordisms can be stacked when this topological obstruction
is absent.
Question 2.5. Suppose W1,W2 are smoothly trivial Liouville cobordisms with ∂−W1 =
∂−W2 = (Y, ξ). Do there exist (smoothly trivial) Liouville cobordisms C1, C2 with ∂−C1 =
∂+W1, ∂−C2 = ∂+W2 such that W1 ◦ C1 is Liouville homotopic to W2 ◦ C2?
It seems likely that the proof of Theorem 2.1 carries over to slightly more general structures
than Weinstein structures. The proof requires the Liouville skeleton to be half-dimensional
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and hence probably holds whenever this is satisfied, e.g. Morse-Bott Weinstein structures
and Liouville structures whose skeleton is stratified by isotropics.
Finally, we note that the stacking and concatenation operations might not coincide even
when both are defined. Consider two Weinstein cobordisms W1,W2 such that ∂−W1 =
∂−W2 = (Y, ξ) and ∂+W1 = ∂−W2 so that it is possible to form both Stack(Y,ξ)(W1,W2) and
W1 ◦W2. Then W1 ◦W2 is a well-defined Weinstein cobordism depending just on W1,W2
while Stack(Y,ξ)(W1,W2) is not well-defined and hence in general they will not agree. We
do not know when it is possible to define Stack(Y,ξ)(W1,W2) so that it agrees with W1 ◦W2.
As we explain in Proposition 3.11 if W2 is smoothly trivial, then W1 ◦ W2 is Weinstein
homotopic to Stack(Y,ξ)(W1,W3) for some other Weinstein cobordism W3 which is possibly
different from W2. The issue is that when we try to push the Weinstein cobordism W2
in W1 ◦W2 down to the common contact manifold ∂−W1, we need to make some choices
involving handle-slides and it is not clear that the resulting cobordism will be Weinstein
homotopic to W2 (as opposed to some other W3).
3. Stacking Weinstein domains
3.1. Maximal Weinstein domains. Our first application of stacking is to construct max-
imal Weinstein domains containing many Weinstein domains as subdomains. In previ-
ous work [45], the author showed that the flexible domain Wflex is a minimal element of
Weinstein(W,J).
Theorem 3.1. [45] Any Weinstein domain W 2n, n ≥ 3, can be Weinstein homotoped to
W 2nflex ◦ C
2n for some smoothly trivial Weinstein cobordism C2n.
Hence the smooth topology of W 2n can be transferred to a symplectically trivial domain
W 2nflex while the symplectic topology of W
2n can be transferred to the smoothly trivial
cobordism C2n. These smoothly trivial cobordisms be stacked without changing the smooth
topology of W 2n. Using Theorem 3.1 and the stacking construction, we prove the following
result, a slightly stronger version of Theorem 1.2 from the Introduction.
Theorem 3.2. For any almost symplectomorphic Weinstein domains W 2n1 , · · · ,W
2n
k , n ≥
3, there exists an almost symplectomorphic Weinstein domain W 2n such that all W 2ni are
Weinstein subdomains of W 2n and W 2n\W 2ni is a smoothly trivial Weinstein cobordism.
Furthermore, the subdomains W 2ni ’s cover W
2n.
Proof. By Theorem 3.1, we can write Wi as Wi,flex ◦ Xi, where Xi is a smoothly trivial
Weinstein cobordism. Since Wi are almost symplectomorphic, so are Wi,flex. In addition,
Wi,flex are flexible and so by the uniqueness h-principle [16] they are Weinstein homotopic;
we will identity them with a fixed Wflex and view Wflex as a common subdomain of all
the Wi. Then we set W := StackWflex(W1, · · · ,Wk); equivalently, W = Wflex ◦ X, where
X := Stack∂Wflex(X1, · · · ,Xk). In fact, the stacking construction shows that X = Xi ◦ Ci
for some smoothly trivial Weinstein cobordisms Ci and so W is Weinstein homotopic to
Wflex ◦Xi ◦ Ci =Wi ◦ Ci. As a result, Wi is a Weinstein subdomain of W and W\Wi = Ci
is smoothly trivial. Since any Weinstein structure on a smoothly trivial cobordism is almost
symplectomorphic to the trivial one, W is almost symplectomorphic to Wi for all i. The
fact that the Wi’s cover W is a general feature of the stacking construction. 
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Remark 3.3. The claim in Theorem 3.2 implicitly involves Weinstein homotopies (as does
the definition of Weinstein subdomains). More precisely, for any Weinstein structures
(W1, λ1, ϕ1), · · · , (Wk, λk, ϕk), there areWeinstein structures (W,λ
′
1, ϕ
′
1), · · · , (W,λ
′
k, ϕ
′
k) that
are all Weinstein homotopic and (Wi, λi, ϕi) is a sublevel set of (W,λ
′
i, ϕ
′
i)
Theorem 3.2 also holds for almost symplectomorphic Weinstein cobordisms with the same
negative contact boundary (Y 2n−1, ξ); again, we can take W := StackWflex(W1, · · · ,Wk).
Here it is important that we glue along Wflex. If we glue along (Y
2n−1, ξ) and form
Stack(Y,ξ)(W1, · · · ,Wk), which is possible even without using Theorem 3.1, the resulting
domain will not be almost symplectomorphic to the original W 2ni (unless W
2n
i are smoothly
trivial). Although we do not have any counterexamples, it also seems unlikely that The-
orem 3.2 holds for n = 2. This dimension differs from high dimensions in that there are
4-dimensional almost Weinstein domains that either have no Weinstein structures or have
finitely many Weinstein structures; for n > 2, any almost Weinstein domain admits infinitely
many different Weinstein structures [16, 50].
The domain W 2n constructed in Theorem 3.2 depends on W 2n1 , · · · ,W
2n
k (as well as other
choices) and we do not know if there is a single Weinstein domain containing all almost
symplectomorphic Weinstein domains as subdomains. However the next result, Corollary
1.3 from the Introduction, shows that there is a Weinstein manifold containing all Weinstein
domains as subdomains.
Corollary 3.4. For any almost Weinstein domain (W 2n, J), n ≥ 3, there exists a maximal
Weinstein manifold W 2nmax almost symplectomorphic to the completion of (W,J) such that
any Weinstein domain almost symplectomorphic to (W,J) is a subdomain of W 2nmax.
Proof. There are countably many Weinstein domain structures on any almost Weinstein
domain. This is because each Weinstein domain has finitely many Weinstein handles and the
handles are attached along isotropic spheres which admit finite-dimensional approximations.
We can enumerate these Weinstein domains as {Wi}i≥1. ThenW
2n
max = StackWflex({Wi}i≥1)
is a Weinstein manifold and, as before, it is almost symplectomorphic to (the completion of)
Wi and contains all Wi as subdomains by construction. 
On the other hand, there are open manifolds with uncountably many Weinstein manifold
structures [3]. Consequently we do not know if there is a maximal Weinstein manifold
containing all other almost symplectomorphic Weinstein manifolds as submanifolds.
Theorem 3.2 can be reformulated as follows: any two almost symplectomorphic Weinstein
domains becomes symplectomorphic after attaching a smoothly trivial Weinstein cobordism
to each. In fact, attaching a single n-Weinstein handle suffices.
Corollary 3.5. If W 2n1 , · · · ,W
2n
k , n ≥ 3, are almost symplectomorphic Weinstein domains,
then there are Legendrian spheres Λi ⊂ ∂W
2n
i such that W
2n
i ∪H
n
Λi
are Weinstein homotopic.
Remark 3.6. Of course Λi depend on the k-tuple W1, · · · ,Wk. For example, it seems impos-
sible to fix Λ1 a priori independent of W2, · · · ,Wk.
Proof of Corollary 3.5. By Theorem 3.2, there are smoothly trivial Weinstein cobordisms Ci
such that Wi ◦Ci are all Weinstein homotopic to a fixed Weinstein domain W . Let Λ ⊂ ∂W
be any Legendrian sphere and let C be the Weinstein cobordism with ∂−C = ∂W given by
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attaching a Weinstein handle along Λ toW . ThenWi ◦Ci ◦C are all Weinstein homotopic to
W ◦C. The cobordism Ci ◦C admits a smooth Morse function with a single critical point (of
index n). Hence by a stronger version of Theorem 3.1 with control over the Weinstein Morse
function [45], Ci◦C0 also admits a Weinstein presentation with a single handle (also of index
n) and therefore is given by attaching a Weinstein handle to some Legendrian Λi ⊂ ∂Wi.
Then Wi ∪H
n
Λi
=Wi ◦ Ci ◦ C0 are all Weinstein homotopic to W ◦ C as desired. 
Theorem 3.2 can be generalized to the case when Wi have different topology. In this case,
there is no natural choice for the smooth topology of the domainW containing allWi. Hence
we will pick an arbitrary an almost Weinstein domain X and construct a Weinstein domain
W almost symplectomorphic to X that containsWi. Of course, it is necessary thatWi admit
almost Weinstein embeddings into X, i.e. X\Wi is an almost Weinstein cobordism. The
following result shows that this necessary condition is sufficient.
Corollary 3.7. IfW 2n1 , · · · ,W
2n
k , n ≥ 3, are Weinstein domains that have almost Weinstein
embeddings into an almost Weinstein domain X2n, then there exists a Weinstein domain
almost symplectomorphic to X2n containing W 2ni as Weinstein subdomains.
Remark 3.8. The domains Wi do not need to have the same topology, unlike in Theorem
3.2. This result generalizes Theorem 6.4 of [25], which considers the case when k = 1 and
W 61 is some Weinstein domain with a single index 3 critical point and X = T
∗S3.
Proof. By Eliashberg’s existence h-principle [16] for Weinstein domains, X\W 2ni has a flexi-
ble Weinstein structure which we denote (X\W 2ni )flex. Let Xi :=W
2n
i ◦(X\W
2n
i )flex. Then
Xi are almost symplectomorphic Weinstein structures on X containing Wi as Weinstein-
subdomains. By Theorem 3.2, there exists a Weinstein structure on X that contains all Xi
as Weinstein subdomains and hence Wi as Weinstein subdomains. 
In the previous results Theorem 3.2 and Corollary 3.7, we started with abstract Weinstein
domains and constructed a Weinstein domain containing them as subdomains. Now we start
with Weinstein subdomains of some Weinstein domain, perhaps produced via these previous
results. We will assume that the subdomains are abstractly symplectomorphic but not
symplectomorphic via a symplectomorphism of the ambient domain. The following result
shows that in some sense these subdomains become symplectomorphic in a larger domain.
Corollary 3.9. Let ϕ1, · · · , ϕk :W
2n
0 →֒ W
2n, n ≥ 3, be formally isotopic Weinstein embed-
dings. Then there is a Weinstein domain X2n almost symplectomorphic to W 2n and formally
isotopic Weinstein embeddings ψ1, · · · , ψk :W
2n →֒ X2n such that ψ1 ◦ ϕ1 = · · · = ψk ◦ ϕk.
Proof. Consider the almost symplectomorphic Weinstein cobordisms Ci := W
2n\ϕi(W
2n
0 ).
Using the symplectomorphism between W0 and ϕi(W0), we identify ∂−Ci = ∂(ϕi(W0)) with
∂W0. Then we can construct the Weinstein cobordism C := StackCflex(C1, · · · , Ck) as in
Theorem 3.2 and setX2n := W 2n0 ◦C; equivalently, X
2n = StackW0◦Cflex((W,ϕ
′
1), · · · , (W,ϕ
′
k)),
where ϕ′i : W0 ◦ Cflex →֒ W is an extension of ϕi : W0 →֒ W . Since C is almost symplec-
tomorphic to Ci, the domain X is almost symplectomorphic to W . There are Weinstein
embeddings ψi : W →֒ X obtained by identifying the Weinstein homotopic domains W
and W0 ◦ Ci and taking the embedding W0 ◦ Ci →֒ W0 ◦ C = X induced by the inclu-
sion Ci ⊂ C = StackCflex(C1, · · · , Ck). The embeddings ψi are all formally isotopic since
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Wi →֒ W are all formally isotopic. Finally, ψi ◦ ϕi : W0 →֒ X is independent of i since it
coincides with the inclusion W0 ⊂W0 ◦ Ci ⊂W0 ◦ C. 
Remark 3.10. As in Theorem 3.2, there are implicit Weinstein homotopies in Corollary
3.9. The statement that ϕi(W
2n
0 ) ⊂ W
2n are Weinstein subdomains involves Weinstein
homotopies ofW 2n. In addition, to define ψi, we identified the Weinstein homotopic domains
W0 ◦ Ci and W . So the maps ψi have sources W0 ◦ Ci that are Weinstein homotopic to W
but are not actually W itself. Therefore a more precise version of Corollary 3.9 is that
there are Weinstein domains Wi = W0 ◦ Ci and subdomains ϕ
′
i : W0 →֒ Wi such that
the pair (Wi, (W0, ϕ
′
i)) is Weinstein homotopic to (W, (W0, ϕi)) and Weinstein embeddings
ψ′i : Wi →֒ X
2n such that the maps ψ′i ◦ ϕ
′
i :W0 →֒ X
2n all agree.
Since we stack the cobordisms W\ϕi(W0), Corollary 3.9 can be thought of as a relative
version of Theorem 3.2 for Weinstein cobordisms. In general the embeddings ϕi : W →֒ X
will not be Hamiltonian isotopic for different i. Otherwise, there would be a single embedding
ψ : W →֒ X2n such that ψ ◦ ϕi : W0 →֒ X
2n are Hamiltonian isotopic in X2n even though
ϕi : W0 →֒ W are not necessarily Hamiltonian isotopic in W . This is impossible in general;
see Section 5.3 for examples. We also note that Corollary 3.9 can be generalized to allow
Weinstein embeddings ϕi : W0 →֒ Wi, where Wi are different Weinstein domains; in this
case, we would get Weinstein embeddings ψi :W
2n
i →֒ X
2n such that ψi ◦ ϕi all agree.
3.2. Stacking operation. Now we will present some more results on the stacking operation
and elaborate on Theorem 3.2. This operation takes in almost symplectomorphic Weinstein
domains and produces an almost symplectomorphic Weinstein domain containing them as
subdomains. For trivial reasons, any Weinstein domain can be obtained by stacking almost
symplectomorphic Weinstein domains. For example, if we view Wflex as a trivial subdomain
of Wflex =Wflex ◦ (Y, ξ)× [0, 1], then StackWflex(Wflex ◦ (Y, ξ)× [0, 1],W ) =W ; even more
trivially, we have StackW (W,W ) = W . However stacking is not a well-defined operation;
indeed, for any Weinstein domain, there are many Weinstein domains that contains it as a
subdomain. Precisely because stacking is not well-defined, it is possible to produce interest-
ing Weinstein domains by stacking just flexible domains. The following result is a sort of
converse to Theorem 3.2.
Proposition 3.11. Let W 2n0 , n ≥ 3, be a Weinstein subdomain of W
2n such that W 2n\W 2n0
is smoothly trivial and π1(W ) = π1(W0) = 0. Then (W,W0) is Weinstein homotopic to
(StackWflex(W0,Wflex),W0).
Remark 3.12. We do not know whether the condition π1(W ) = π1(W0) = 0 is essential;
it may be possible to drop this condition by more carefully controlling the smooth iso-
topy class of the Legendrian attaching spheres. We also note that to construct the domain
StackWflex(W0,Wflex), we need an embedding i : Wflex →֒ Wflex. As we will see in the
proof, the cobordism Wflex\i(Wflex) is Weinstein homotopic to the trivial Weinstein cobor-
dism without any critical points but does not actually coincide with this cobordism; namely
Wflex\i(Wflex) has some symplectically cancelling handles.
Proof. As in the proof of Theorem 3.2, we first presentW 2n0 asW
2n
flex◦C
2n
0 for some smoothly
trivial Weinstein cobordism C2n0 . Also, let C
2n := W 2n\W 2n0 , which is a smoothly trivial
by assumption; so we have W 2n = W 2n0 ◦ C
2n = W 2nflex ◦ C
2n
0 ◦ C
2n. The stronger version
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of Theorem 3.1 in [45] shows that C2n0 , C
2n both have Weinstein presentations with two
handles. Namely, C2n0 = H
n−1
0 ∪H
n
Λ0
, C2n = Hn−1 ∪HnΛ, and that the attaching spheres of
Hn−10 ,H
n−1 are contained in a Darboux ball of ∂W 2nflex; if W
2n
0 =W
2n
flex, we take H
n−1
0 ,H
n
Λ0
to be symplectically cancelling. We view Λ0,Λ as Legendrians in ∂(W
2n
flex ∪H
n−1
0 ∪H
n−1).
Since C0 is smoothly trivial, Λ0 has algebraic intersection one with the belt sphere of
Hn−10 . Furthermore, Λ0 is disjoint from the belt sphere of H
n−1 since Hn−1 is part of the
cobordism W\W0, which is attached after H
n
Λ0
. Similarly since C2n is also smoothly trivial,
Λ has algebraic intersection one with Hn−1. However, Λ may have non-trivial intersection
with Hn−10 since H
n
Λ is attached after H
n−1
0 . By handle-sliding Λ over Λ0 possibly several
times, we get a new Legendrian Λ′ such that the algebraic intersection of Λ′ and the belt
sphere of Hn−10 is zero (and the algebraic intersection of Λ
′ with the belt sphere of Hn−1
is still one). We can also perform these handleslides so that Λ′ ⊂ ∂(Wflex ∪H
n−1
0 ∪H
n−1)
is loose in the complement of the belt sphere of Hn−1; see [45] for the relationship between
handle-slides and looseness. Since Λ′ has algebraic intersection number zero with the belt
sphere of Hn−10 and everything is simply-connected, we can use the Whitney trick to obtain
a smooth isotopy that displaces Λ′ from this sphere. Furthermore, we can use Whitney disks
that are disjoint from the belt sphere of Hn−1 and hence assume that this smooth isotopy
is supported away from the belt sphere of Hn−1. Since Λ′ is loose in the complement of
this belt sphere (but not in the complement of Λ0), there is a Legendrian isotopy of Λ
′ that
displaces Λ′ from the belt sphere of Hn−10 and is supported away from the belt sphere of
Hn−1. We can extend this Legendrian isotopy to an ambient contact isotopy ϕt such that ϕt
is supported away from the belt sphere of Hn−1; let ϕ := ϕ1. In particular, ϕ(Λ
′) is disjoint
from the belt sphere of Hn−10 by construction and is loose in ∂(Wflex∪H
n−1). Furthermore,
ϕ(Λ0) is disjoint from the belt sphere of H
n−1 since Λ0 was disjoint from this sphere and
the contact isotopy ϕt is supported away from this sphere.
Now we consider the domain Wflex ∪ H
n−1
0 ∪ H
n−1
1 ∪ H
n
ϕ(Λ0)
∪ Hn
ϕ(Λ′). This domain
is Weinstein homotopic to W since it is obtained from the original presentation of W by
handle-slides and Legendrian isotopies of the attaching spheres. Furthermore, since Λ0,Λ
′ are
disjoint from the belt spheres of Hn−10 ,H
n−1 respectively, this domain is StackWflex(Wflex∪
Hn−10 ∪H
n
ϕ(Λ0)
,Wflex∪H
n−1∪Hn
ϕ(Λ′)). The first domain Wflex∪H
n−1
0 ∪H
n
ϕ(Λ0)
is Weinstein
homotopic toW0 since the new attaching sphere ϕ(Λ0) and the old attaching sphere Λ0 differ
just by Legendrian isotopy. Since the handle-slides are done on top of W0, the inclusion
W0 =Wflex ∪H
n−1
0 ∪H
n
ϕ(Λ0)
⊂W =Wflex ∪H
n−1
0 ∪H
n
ϕ(Λ0)
∪Hn−1 ∪Hn
ϕ(Λ′) coincides with
the original embedding W0 ⊂ W , i.e. the pair (StackWflex(Wflex ∪H
n−1
0 ∪H
n
ϕ(Λ0)
,Wflex ∪
Hn−1 ∪Hn
ϕ(Λ′)),Wflex ∪H
n−1
0 ∪H
n
ϕ(Λ0)
) is Weinstein homotopic to (W,W0). Also, Wflex ∪
Hn−1 ∪ Hn
ϕ(Λ′) is almost symplectomorphic to Wflex and ϕ(Λ
′) is loose; the former claim
follows from the facts that ϕ(Λ′) has algebraic intersection number one with the belt sphere
of Hn−1 and π1(W ) = 0. Therefore Wflex ∪H
n−1∪Hn
ϕ(Λ′) is Weinstein homotopic to Wflex.
So (StackWflex(Wflex ∪ H
n−1
0 ∪H
n
ϕ(Λ0)
,Wflex ∪H
n−1 ∪Hn
ϕ(Λ′)),Wflex ∪H
n−1
0 ∪H
n
ϕ(Λ0)
) is
homotopic to both (StackWflex(W0,Wflex),W0) and (W,W0), which proves the claim. 
By taking W 2n0 to be W
2n
flex in Proposition 3.11, we get the following result, Corollary 1.4
from the Introduction.
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Corollary 3.13. Any Weinstein domain W 2n, n ≥ 3, with π1(W ) = 0 is Weinstein homo-
topic to StackWflex(W
2n
flex,W
2n
flex). In particular, there exist Weinstein subdomains ϕ1, ϕ2 :
W 2nflex →֒ W
2n such that ϕ1(W
2n
flex) ∪ ϕ2(W
2n
flex) =W
2n.
This result is possible precisely because the stacking operation depends on more than just
the Weinstein homotopy type of the stacked domains. The extra data of W is related to the
extra data needed to define StackWflex(W
2n
flex,W
2n
flex) = StackWflex((W
2n
flex, i1), (W
2n
flex, i2)),
namely the linking of the attaching spheres of Wflex\i1(Wflex) and Wflex\i2(Wflex). This
is why Wflex\i(Wflex) is not the trivial Weinstein cobordism, as noted in Remark 3.12.
In some sense, the flexible domain W 2nflex is the only domain that can appear in the state-
ment of Corollary 3.13. If all Weinstein domains were homotopic to StackWflex(Wflex,W0) or
StackW0(W0,W0) for some fixedW0, thenW0 would have to be a subdomain of all Weinstein
domains and hence have to be (sub)flexible. However if W0 is already a Weinstein subdo-
main of W , then such a result is indeed possible and a variation on Corollary 3.13 shows
that (W,W0) is Weinstein homotopic to (StackW0(W0,W0),W0). So if W contains an al-
most symplectomorphic Weinstein subdomainW0, then W can be covered by two Weinstein
embeddings of W0 into W .
We do not know whether an analogous version of Proposition 3.11 holds for multiple
subdomains. That is, Theorem 3.2 shows that any finite collection of domains can be stacked
to produce a domain containing them as subdomains but it is unclear whether the converse
holds. As we explained before, any domain obtained by stacking subdomains can be covered
by those subdomains. Of course, two arbitrary subdomains will not cover the ambient
Weinstein domain and hence we should not require the stacked domain to cover all of the
ambient domain.
Question 3.14. Suppose that W contains subdomains W1,W2. Then is there a subdomain
V ⊂Wi such that StackV (W1,W2) ⊂ W and Wi ⊂ StackV (W1,W2) ⊂W coincide with the
original Weinstein embeddings Wi ⊂W?
The situation in Theorem 3.2 where we produce domains containing many subdomains is
quite special. The subdomains are all sublevel sets for Weinstein Morse functions with the
same Liouville vector field. However, it is not clear that arbitrary subdomains of a given
Weinstein domain should satisfy this property. Indeed, for any two Weinstein subdomains
W1,W2 ⊂ W with this property, the answer to Question 3.14 is yes. If Wi are sublevel sets
for Weinstein Morse functions ϕi of W with the same Liouville vector field X, then ϕ1 +ϕ2
and a smoothing of max{ϕ1, ϕ2} are also such Weinstein Morse functions. Then ϕ1+ϕ2 has
a sublevel set V that is a common subdomain of W1,W2 and max{ϕ1, ϕ2} has a sublevel set
StackV (W1,W2), which is therefore a subdomain of W .
If we have nested subdomains W1 ⊂ W2 ⊂ · · · ⊂ Wk, then clearly there exists a single
Weinstein function ϕ (with a single Liouville vector field) and regular values c1 < · · · < ck
of ϕ such that {ϕ ≤ ci} =Wi. In this case, all these subdomains are obtained by stacking.
Corollary 3.15. If W 2n1 ⊂ W
2n
2 ⊂ · · · ⊂ W
2n
k , n ≥ 3, are nested almost symplectomorphic
domains such that Wi+1\Wi are smoothly trivial and π1(Wi) = 0, then Wi is Weinstein
homotopic to StackWflex(W1,Wflex,1, · · · ,Wflex,i−1), the stacking W1 with i − 1 copies of
Wflex. Furthermore, Wi−1 ⊂Wi corresponds to the natural inclusion of stacked domains.
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Proof. By Proposition 3.11, Wi+1 = StackWflex(Wi,Wflex) and so the result follows by
induction and the fact that Stack(Y,ξ)(X1, · · · ,Xi, Stack(Y,ξ)(Xi+1, · · · ,Xk)) is Weinstein
homotopic to Stack(Y,ξ)(X1, · · · ,Xi,Xi+1, · · · ,Xk) for any Weinstein cobordisms Xi. 
4. Stacking contact manifolds
4.1. Maximal contact manifolds. We now prove some contact analogs of the results in
Section 3 for Weinstein domains. To prove the existence of maximal Weinstein domains,
we used Theorem 3.1: any Weinstein domain can be decomposed into a fixed Weinstein
domain (its flexiblization) depending just on the smooth topology plus a smoothly trivial
Weinstein cobordism. On the contact side, Casals, Murphy, and Presas [14] proved that any
contact manifold of dimension at least five is the positive end of a smoothly trivial Weinstein
cobordism from a fixed (overtwisted) contact manifold. Using their result, we will prove that
any finite collection of contact manifolds has a maximal element. We first assume that the
contact manifolds are almost contactomorphic and prove the second claim in Theorem 1.8
from the Introduction. We later remove this assumption in Corollary 4.7 below.
Theorem 4.1. If (Y 2n−11 , ξ1), · · · , (Y
2n−1
k , ξk), n ≥ 3, are almost contactomorphic contact
manifolds, then there exist smoothly trivial Weinstein cobordisms C2ni such that ∂−C
2n
i =
(Y 2n−1i , ξi) and ∂+C
2n
i are all contactomorphic.
Proof. Let (Y, ξot,i) be an overtwisted contact structure in the almost contact class defined
by (Yi, ξi). Casals, Murphy, and Presas [14] showed that there is a smoothly trivial Weinstein
cobordism Xi from (Y, ξot,i) to (Yi, ξi). Almost contactomorphic overtwisted contact struc-
tures are actually contactomorphic [9] and so we can identify (Y, ξot,i) with a fixed contact
structure (Y, ξot). Since ∂−Xi = (Y, ξot) all agree, we can use Theorem 2.1 to form the Wein-
stein cobordism X := Stack(Y,ξot)(X1, · · · ,Xk) with ∂−X = (Y, ξot). Furthermore, Theorem
2.1 provides Weinstein cobordisms Ci with ∂−Ci = ∂+Xi such that Xi ◦ Ci is Weinstein
homotopic to X. In particular, ∂+Ci = ∂+X for all i. Since the Xi’s are smoothly trivial,
by Theorem 2.1 so are the Ci’s. 
Theorems 4.1 fails for n = 2 and so the restriction n ≥ 3 is necessary. For example,
Seiberg-Witten theory can be used to show that there is no smoothly trivial 4-dimensional
Weinstein cobordism from an overtwisted contact structure to a fillable contact structure [51].
If (Y1, ξ1) is overtwisted and (Y2, ξ2) is fillable, then a 4-dimensional version of Theorem 1.8
would provide smoothly trivial Weinstein cobordisms from (Y1, ξ1), (Y2, ξ2) to (Y, ξ), which
would be fillable via the filling of (Y2, ξ2). However a weaker version of Theorem 4.1 does
hold in this dimension.
Theorem 4.2. If (Y 31 , ξ1), · · · , (Y
3
k , ξk) are almost contactomorphic contact manifolds, then
there are Weinstein cobordisms C4i with k − 1 Weinstein 2-handles and no Weinstein 0, 1-
handles such that ∂−C
4
i = (Yi, ξi) and ∂+C
4
i are all contactomorphic.
Proof. We will use a modified version of the Casals-Murphy-Presas result that holds in
dimension 3. Namely, if Λi ⊂ (Y
3
i , ξi) is a once stabilized Legendrian unknot contained
in a Darboux chart, then (Y 3i , ξi) ∪ H
2
Λi
[+1], the result of doing +1 contact surgery along
Λi, is overtwisted [23]. Furthermore, since the Λi are formally Legendrian isotopic, the
(Yi, ξi)∪H
2
Λi
[+1] are all almost contactomorphic. Hence by Eliashberg’s h-principle [21] for
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overtwisted contact structures in dimension 3, (Yi, ξi) ∪H
2
Λi
[+1] are all contactomorphic to
a fixed (Y ′, ξot). Since (Yi, ξi) ∪ H
2
Λi
[+1] are obtained from (Yi, ξi) via anti-surgery, there
are Weinstein cobordisms X4i with a single Weinstein 2-handle such that ∂−X
4
i = (Y
′, ξot)
and ∂+X
4
i = (Y
3, ξi). Now we can proceed as in the proof of Theorem 4.1 and form the
cobordisms X4 and C4i . Note that C
4
i := Stack(Y ′,ξot)(X
4
1 , · · · ,X
4
k)\X
4
i has k− 1 Weinstein
2-handles and no 0, 1-handles. 
Remark 4.3. Theorem 4.2 is actually a bit stronger than stated. The proof shows that we
only need (Y 3i , ξi)∪H
2
Λi
[+1], but not necessarily (Y 3i , ξ
3
i ), to be almost contactomorphic; as
a result, the Yi’s need not be diffeomorphic.
By using Theorem 4.1 and Theorem 4.2, we get the contact analog of Corollary 3.5.
Corollary 4.4. If (Y 2n−11 , ξ1), · · · , (Y
2n−1
k , ξk), n ≥ 3, are almost contactomorphic, then
there exist Legendrian spheres Λn−1i ⊂ (Y
2n−1
i , ξi) such that (Y
2n−1
i , ξi) ∪H
n
Λi
are contacto-
morphic. If n = 2, then the same holds for k = 2.
Now we apply Corollary 4.4 to the case when (Y, ξ) has an almost Weinstein filling (W,J)
and prove Corollary 1.9 from the Introduction.
Corollary 4.5. If (Y 2n−1, ξ), n ≥ 3, has an almost Weinstein filling, then (Y 2n−1, ξ) can be
obtained from (S2n−1, ξstd) by a sequence of contact surgeries (of any index at most n) and
a single contact anti-surgery (of index n).
Proof. Suppose that (Y 2n−1, ξ) has an almost Weinstein filling (W 2n, J). By Eliashberg’s
existence h-principle [22] (which holds for n ≥ 3), there is a flexible Weinstein structure
almost symplectomorphic to (W 2n, J), which we will also denote by W 2n. Then (Y 2n−1, ξ)
and ∂W 2n are almost contactomorphic and so by Corollary 4.4, there are Legendrians Λ1 ⊂
(Y 2n−1, ξ),Λ2 ⊂ ∂W
2n such that (Y 2n−1, ξ)∪HnΛ1 = ∂W∪H
n
Λ2
. Let Λ′1 ⊂ (Y
2n−1, ξ)∪HnΛ1 be
the belt sphere of the Weinstein handleHnΛ1 so that (Y
2n−1, ξ) = (Y 2n−1, ξ)∪HnΛ1∪H
n
Λ′
1
[+1].
We can also view Λ′1 as a Legendrian of ∂W ∪ H
n
Λ2
by the previous identification. Then
(Y 2n−1, ξ) = ∂W ∪ HnΛ2 ∪ H
n
Λ′
1
[+1]. Since ∂W has a Weinstein filling W 2n, it is obtained
from (S2n−1, ξstd) by contact surgery. Therefore ∂W ∪ H
n
Λ2
∪ HnΛ′
1
[+1] is obtained from
(S2n−1, ξstd) by contact surgery and a single contact anti-surgery (of index n). 
There is also an analog of Corollary 3.7 for contact manifolds with different topology.
Corollary 4.6. Suppose that (Y 2n−11 , ξ1), · · · , (Y
2n−1
k , ξk), n ≥ 3, are contact manifolds, not
necessarily with the same topology, and Xi are almost Weinstein cobordisms from (Yi, ξi) to
some fixed almost contact manifold (Y, J). Then there are Weinstein cobordisms Zi almost
symplectomorphic to Xi such ∂−Zi = (Yi, ξi) and ∂+Zi are all contactomorphic.
Proof. Let Xi,flex be the flexible Weinstein cobordism in the same formal class as Xi with
∂−(Xi,flex) = (Yi, ξi) provided by Eliashberg’s existence h-principle. Then ∂+(Xi,flex) are
all almost contactomorphic to (Y, J) by assumption. Hence by Theorem 1.8, there exists
a smoothly trivial Weinstein cobordism Ci such that ∂−Ci = ∂+(Xi,flex), and ∂+Ci are
contactomorphic for all i (and in almost contact class (Y, J)). Then Zi := Xi,flex ◦ Ci is
a Weinstein cobordism such that ∂−Zi = ∂−(Xi,flex) = (Yi, ξi) and ∂+Zi = ∂+Ci are all
contactomorphic contact structures in (Y, J). Furthermore, Zi is almost symplectomorphic
to Xi since Ci is smoothly trivial. 
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The result of Casals, Murphy, and Presas [14] about smoothly trivial Weinstein cobor-
disms is actually stronger than stated above. They proved an existence h-principle for We-
instein cobordisms (with arbitrary topology) with overtwisted negative end and prescribed
positive end; later this result was generalized by Eliashberg and Murphy [30] who proved
an h-principle for Liouville cobordisms with overtwisted negative end. On the other hand,
Corollary 4.6 can be viewed as an h-principle for Weinstein cobordisms with prescribed
negative end but no control over the positive end. There is no h-principle for Weinstein
cobordisms with both negative and positive ends prescribed. For example, there is no We-
instein cobordism from a fillable contact structure to an overtwisted contact structure [9].
Bowden, Crowley, and Stipsicz [12] used surgery theory to prove that almost Weinstein
cobordisms Xi satisfying the conditions in Corollary 4.6 always exist. Combining their result
with Corollary 4.6, we can prove the first claim in Theorem 1.8 from the Introduction.
Corollary 4.7. For any contact manifolds (Y 2n−11 , ξ1), · · · , (Y
2n−1
k , ξk), n ≥ 3, there exist
Weinstein cobordisms C2ni such that ∂−C
2n
i = (Y
2n−1
i , ξi) and ∂+C
2n
i are contactomorphic.
Hence any finite collection of contact manifolds admits a maximal contact element with
respect to the Weinstein cobordism relation. Like in the Weinstein setting, we do not know
whether this holds for an arbitrary infinite collection of contact manifolds.
Question 4.8. Which infinite collections of contact manifolds (Yi, ξi) admit a maximal con-
tact structure (Ymax, ξmax) such that each (Yi, ξi) has a Weinstein cobordism to (Ymax, ξmax)?
For example, is this true for ∂W 2nflex,i, the collection of all flexibly-fillable contact structures
in (Y 2n−1, J)?
Here we allow (Ymax, ξmax) to depend on the fixed infinite collection of contact structures
(Yi, ξi); hence (Ymax, ξmax) may be maximal for this particular collection but not maximal for
arbitrary infinite collections, i.e. all contact structures. However as we showed in Corollary
1.16 in the Introduction, there is a contact manifold that is maximal with respect to the
strong symplectic cobordism relation for all contact manifolds.
4.2. Connections to the symplectic mapping class group. In this section, we discuss
a possible connection between the results in Section 4.1 and the symplectic mapping class
group. We first note that as an immediate application of Corollary 4.6, any contact structure
is Weinstein cobordant to a Weinstein-fillable contact structure.
Corollary 4.9. For any contact structure (Y 2n−1, ξ), n ≥ 3, there exists a Weinstein cobor-
dism C2n and Weinstein domain W 2n such that ∂−C
2n = (Y 2n−1, ξ) and ∂+C
2n = ∂W 2n.
Remark 4.10. Here the smooth and symplectic topology of C2n,W 2n depend on the smooth
and contact topology of (Y 2n−1, ξ).
Proof. Take any Weinstein domainW 2n0 . By Corollary 4.6, there exist Weinstein cobordisms
C2n, C2n0 such that ∂−C
2n = (Y 2n−1, ξ), ∂−C
2n
0 = ∂W
2n
0 , and ∂+C
2n = ∂+C
2n
0 . Then
W 2n :=W 2n0 ◦ C
2n
2 is a Weinstein domain and ∂W
2n = ∂+C
2n
2 = ∂+C
2n as desired. 
The n = 2 case of Corollary 4.9 was proven by Etnyre and Honda [33]. They used the fact
that any 3-dimensional contact manifold has an open book decomposition whose monodromy
is given by a product of positive and negative Dehn twists. Then by adding more positive
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Dehn twists to cancel out the negative Dehn twists, they built a Weinstein cobordism C4 such
that ∂−C
4 = (Y 3, ξ) and ∂+C
4 has an open book decomposition whose monodromy has only
positive Dehn twists and is therefore Weinstein-fillable. High-dimensional contact manifolds
also have open book decompositions [38] with monodromy given by a symplectomorphism
of a high-dimensional Weinstein domain. But for our proof of Corollary 4.9, we do not
need know anything about the high-dimensional symplectic mapping class group (which is
not known in any case). Furthermore, the high-dimensional group is not generated by Dehn
twists, which was a key ingredient in the proof in [33]. Instead, we can reverse the perspective
and try to use Corollary 4.9 to deduce properties of the symplectic mapping class group.
For any compactly supported symplectomorphism ϕ of a Weinstein domain W 2n, there
is a contact manifold (Y 2n+1− , ξ−) that has an open book decomposition with page W
2n and
monodromy ϕ. By Corollary 4.9, there is a Weinstein cobordism C2n+2 such that ∂−C =
(Y−, ξ−) and ∂+C = (Y+, ξ+) has a Weinstein filling. By work of Giroux and Pardon [39], any
Weinstein domain has a Lefschetz fibration and hence the Weinstein-fillable contact structure
(Y+, ξ+) has an open book decomposition whose monodromy is a product of positive Dehn
twists. A relative form of Giroux and Pardon’s result would imply that Weinstein cobordant
contact structures (Y−, ξ−), (Y+, ξ+) have open book decompositions such that the pages of
(Y−, ξ−) are Weinstein subdomains of the pages of (Y+, ξ+) and that the monodromies of
the two open books are related by positive Dehn twists. However, contact structures have
infinitely many compatible open book decompositions. For n = 2, Giroux [38] showed that all
open book decompositions of a given contact manifold are related by stabilization: adding a
1-handle to the page of the open book and modifying the monodromy by a positive Dehn twist
about a circle passing through the new 1-handle exactly once. There is a similar stabilization
operation in high-dimensions using high-dimensional Dehn twists but it is unknown whether
all open book decompositions of a given contact manifold are related by stabilizations in
this case. The above discussion shows that a relative version of Giroux and Pardon’s result
[39] and a high-dimensional analog of Giroux’s stabilization result [38] would give a positive
answer to the following question.
Question 4.11. Suppose ϕ is a compactly supported exact symplectomorphism of a Wein-
stein domain W 2n. Does there exist a Weinstein domain X2n containing W 2n as a subdo-
main such that ϕ, as a symplectomorphism of X2n, is compactly symplectically isotopic to a
product of (positive and negative) Dehn twists of X2n?
Here we view ϕ as a symplectomorphism of X2n by extending it by the identity over
X2n\W 2n. Of course, the Weinstein domain X2n may depend on the symplectomorphism
ϕ; in some sense, the symplectic data of ϕ is transferred to the data of X2n.
As we noted above, Dehn twists do not generate the high-dimensional symplectic mapping
class group. There is sometimes even a topological obstruction to this, as explained to us by
Casals. For example, (RP2n+1, ξstd) has an open book decomposition with page T
∗
RP
n and
monodromy the fibered Dehn twist ϕ of T ∗RPn. The symplectomorphism ϕ is not smoothly
isotopic to the identity; otherwise RP2n+1 would have a smooth filling with handles of index
n and less, which is impossible [28]. At the same time, T ∗RPn, n ≥ 1, has no Lagrangian
spheres to Dehn twist about and so the fibered Dehn twist ϕ cannot be smoothly isotopic
to a product of Dehn twists. More generally, if we stabilize the open book decomposition
(T ∗RPn, ϕ) in the sense of Giroux by adding n-handles to T ∗RPn and modifying ϕ by Dehn
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twists through these handles to get a new open book decomposition (X2n, ϕ′) of RP2n+1, the
resulting symplectomorphism ϕ′ of the new Weinstein page X2n also cannot be smoothly
isotopic to a product of Dehn twists, even if Lagrangian spheres exist in X2n; again, this
would give a smooth filling of RP2n+1 with handles of index n+1 and less. In Question 4.11,
we add handles to the page without necessarily adding Dehn twists to the monodromy. In
this case, there is no topological obstruction as shown by [12].
4.3. Codimension 2 contact embeddings. Pancholi and Pandit [56] recently proved an
h-principle for codimension 2 contact embeddings using open book decompositions. We
will give an alternative proof of their result motivated by the stacking construction and
Weinstein hypersurfaces [25]. Both our proof and the proof of Pancholi and Pandit rely on
the h-principle for overtwisted contact structures [9]; in addition, we also need the h-principle
for loose Legendrians [52]. The following is Theorem 1.18 from the Introduction.
Theorem 4.12. If (Y 2n−1, ξ0), n ≥ 3, has a contact embedding into (Z
2n+1, ξ) with trivial
normal bundle and (Y 2n−1, ξ1) is almost contactomorphic to (Y
2n−1, ξ0), then (Y
2n−1, ξ1)
also has a contact embedding into (Z2n+1, ξ).
Proof. Let (Y 2n−1, ξot) be the overtwisted contact manifold in the same almost contact class
as (Y 2n−1, ξ0) and (Y
2n−1, ξ1). The result of Casals, Murphy, and Presas [14] shows that
there are smoothly trivial Weinstein cobordisms C2ni , i = 0, 1, such that ∂−C
2n
i = (Y, ξot)
and ∂+C
2n
i = (Y, ξi). More precisely, there are Legendrians Λi ⊂ (Y, ξot) ∪ H
n−1, i = 0, 1,
such that C2ni = (Y, ξot) ∪ H
n−1 ∪ HnΛi . We can view the handles H
n
Λi
as Weinstein
cobordisms W 2ni ⊂ C
2n
i such that ∂−Wi = (Y, ξot) ∪ H
n−1 and ∂+Wi = (Y, ξi). The
co-cores of the handles HnΛi are Lagrangian disks D
n
i ⊂ W
2n
i with Legendrian boundary
∂+D
n
i = Λloose,unknot ⊂ ∂+W
2n
i = (Y
2n−1, ξi). Similarly, the Lagrangian cores L
n
i of H
n
Λi
are
Lagrangian disks in W 2ni with ∂−L
n
i = Λi ⊂ ∂−W
2n
i = (Y, ξot) ∪H
n−1.
By assumption, (Y 2n−1, ξ0) has a contact embedding into (Z
2n+1, ξ) with trivial normal
bundle. Hence (Y 2n−1, ξ0)× [0, 1] is a Weinstein hypersurface of (Z
2n+1, ξ). The Weinstein
cobordism C2n0 is smoothly trivial and therefore is almost symplectomorphic to (Y
2n−1, ξ0)×
[0, 1]; this almost symplectomorphism is the identity near ∂+C
2n
0 = (Y
2n−1, ξ0) × {1}. By
applying this almost symplectomorphism to Dn0 ⊂ C
2n
0 , we get a formal Lagrangian disk
Dn0,formal in (Y
2n−1, ξ0)× [0, 1] formally isotopic to D
n
0 ; near its boundary, D
n
0,formal agrees
with the genuine Lagrangian Λloose,unknot × [1 − ε, 1] ⊂ (Y, ξ0) × [1 − ε, 1]. Since we have a
symplectic embedding of (Y 2n−1, ξ0)×[0, 1] into (Z
2n+1, ξ), we can lift the formal Lagrangian
Dn0,formal in (Y
2n−1, ξ0) × [0, 1] to a formal Legendrian in (Z
2n+1, ξ) that also agrees with
Λloose,unknot × [1 − ε, 1] near its boundary. By the existence part of Murphy’s h-principle
[52], there is a loose Legendrian disk Dn0,loose in (Z
2n+1, ξ) that coincides with Λloose,unknot×
[1 − ε, 1] ⊂ (Y, ξ0) × [1 − ε, 1] ⊂ (Z
2n+1, ξ) near its boundary. We note that Dn0,loose ⊂
(Z2n+1, ξ) cannot be entirely contained in (Y, ξ0)×[0, 1] ⊂ (Z
2n+1, ξ) since otherwise the loose
Legendrian Λloose,unknot ⊂ (Y, ξ0) would have a Lagrangian disk filling in the symplectization
(Y, ξ0)× [0, 1], which is impossible in general.
A neighborhood of Dn0,loose in (Z
2n+1, ξ) looks like a neighborhood of Dn in the 1-jet space
J1(Dn) = T ∗Dn × R. The Weinstein hypersurface T ∗Dn ⊂ J1(Dn) gives a corresponding
Weinstein hypersurface T ∗Dn0,loose in (Z
2n+1, ξ) containing Dn0,loose. Note that T
∗(Sn−1×[1−
ε, 1]) ⊂ T ∗Dn0,loose lies inside the hypersurface (Y
2n−1, ξ0)× [1−ε, 1]; in fact, it coincides with
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J1(Λloose,unknot)×[1−ε, 1] ⊂ (Y
2n−1, ξ0)×[1−ε, 1], where J
1(Λloose,unknot) is a neighborhood
of Λloose,unknot in (Y
2n−1, ξ0). So we can glue the Weinstein hypersurfaces T
∗Dn0,loose and
(Y 2n−1, ξ0)× [1−ε, 1] in (Z
2n+1, ξ) to get another Weinstein hypersurface in (Z2n+1, ξ). This
hypersurface as an abstract Weinstein cobordism is preciselyW 2n0 sinceW
2n
0 is defined by the
fact that ∂+W0 = (Y, ξ0) and that it has a single co-core D
n
0 with ∂+D
n
0 = Λloose,unknot. The
contact embedding of ∂+W
2n
0 into (Z
2n+1, ξ) coincides with the original contact embedding of
(Y 2n−1, ξ0) into (Z
2n+1, ξ). The contact embedding of ∂−W
2n
0 gives us a contact embedding
of (Y 2n−1, ξot) ∪H
n−1 into (Z2n+1, ξ).
Similarly, the Lagrangian core Ln1 of W
2n
1 can be used to produce a formal Legendrian
disk in (Z2n+1, ξ) that agrees with Λ1 = ∂−L
n
1 ⊂ ∂−W
2n
1 = (Y, ξot)∪H
n−1 ⊂ (Z2n+1, ξ) near
its boundary. Again by Murphy’s existence h-principle [52], there is a genuine Legendrian
disk Ln1,loose in (Z
2n+1, ξ) that also agrees with Λ1 ⊂ (Y
2n−1, ξot)∪H
n−1 near its boundary.
We can glue (Y 2n−1, ξot) ∪H
n−1 and T ∗Ln1 to get a Weinstein hypersurface embedding of
W 2n1 into (Z
2n+1, ξ); since the core Ln1,loose of W
2n
1 is a loose Legendrian in (Z
2n+1, ξ), W 2n1
is a loose Weinstein hypersurface in the sense of Eliashberg [25]. The contact embedding
of ∂−W
2n
1 agrees with the contact embedding of (Y, ξot) ∪ H
n−1 into (Z2n+1, ξ) produced
in the previous paragraph. The contact embedding of ∂+W
2n
1 gives us the desired contact
embedding of (Y 2n−1, ξ1) into (Z
2n+1, ξ). 
5. Stacking Lagrangians
5.1. Maximal Lagrangians. Now we prove some results about Lagrangians. The following
result is the relative analog of Theorem 3.2.
Corollary 5.1. Suppose that ϕ1, · · · , ϕk : L
n →֒ W 2n, n ≥ 3, are formally isotopic regular
Lagrangians that are closed or have non-empty Legendrian boundary. Then there is a We-
instein domain X2n almost symplectomorphic to W 2n, a regular Lagrangian j : Ln →֒ X2n,
and formally isotopic Weinstein embeddings ψ1, · · · , ψk : W
2n →֒ X2n such that ψ1 ◦ ϕ1 =
· · · = ψk ◦ ϕk = j : L
n →֒ X2n.
Proof. The proof essentially is an application of Corollary 3.9. If L is closed, we can directly
apply Corollary 3.9 with W0 = T
∗L. If L has Legendrian boundary, we slightly modify the
proof of Corollary 3.9 (which is stated only for subdomains) by requiring that Cflex be a
flexible cobordism in the complement of ∂L ⊂ ∂T ∗L. 
The Lagrangian j(L) is maximal in the sense that it extends the Lagrangians ϕi(L),
namely j(L)|ψi(W ) = ϕi(L). In general the X\ψi(W ) are not trivial Weinstein cobordisms for
all i andX is not Weinstein homotopic toW . For if X\ψi(W ) were a trivial Weinstein cobor-
dism for all i, then the Viterbo transfer map would an isomorphism on wrapped Floer homol-
ogy [36] and hence WH(L,L;X) ∼= WH(L|ψi(W ), L|ψi(W );ψi(W ))
∼= WH(ϕi(L), ϕi(L);W )
for all i; the fact that the Viterbo transfer map is just restriction is because L is regular in
W and hence intersects ∂W in at most one component [3]. However there are ϕi such that
WH(ϕi(L), ϕi(L);W ) are different for different i and hence the cobordisms cannot all be
trivial in general. In particular, the Weinstein embeddings ψi will generally not be symplec-
tically isotopic. Finally we note that a version of Corollary 1.16 holds even if ϕi map L to
different (but almost symplectomorphic) Weinstein domains Wi.
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5.2. Legendrians with many Lagrangian fillings. We can also use the stacking con-
struction to produce Legendrians with many Lagrangian fillings. The first such Legendrians
were produced in [13]. These were Legendrians in (S2n−1, ξstd) with arbitrarily many (but
finitely many) different Lagrangian fillings in B2nstd for n ≥ 2; for n = 2, the Legendrians are
necessarily disconnected since tb(Λ) = −χ(L) and hence the formal class of Λ determines the
genus of the Lagrangian filling [15]. The examples for n ≥ 3 are obtained by spinning the
examples for n = 2 and hence have quite special topology. In this section, we construct Leg-
endrians that have many fillings with prescribed topology. Like [13], we produce arbitrarily
many but finitely many fillings. Unlike for contact manifolds, which can have infinitely many
symplectic fillings, it is not known whether there exist Legendrians that have infinitely many
fillings with different topology.
To construct Legendrians with many Lagrangian fillings, we first need to prove the Leg-
endrian version of Theorem 4.1.
Theorem 5.2. Suppose that Λn−11 , · · · ,Λ
n−1
k ⊂ (Y
2n−1, ξ), n ≥ 3, are formally isotopic
Legendrians. Then there exists a smoothly trivial Weinstein cobordism X2n with ∂−X
2n =
(Y, ξ) and smoothly trivial regular Lagrangian cobordisms Lni ⊂ X
2n such that ∂−L
n
i = Λi
and ∂+L
n
i are all coincide.
Proof. The proof is similar to the proof of Theorem 4.1, which uses the existence of smoothly
trivial Weinstein cobordisms from overtwisted contact structures to arbitrary contact struc-
tures [14]. Here we will need the following Legendrian analog, proven in [44]: for any Legen-
drian Λn−1 ⊂ (Y 2n−1, ξ), n ≥ 3, there is a smoothly trivial regular Lagrangian cobordism Ln
in the trivial Weinstein cobordism (Y, ξ)× [0, 1] such that ∂+L
n = Λn−1 and ∂−L
n = Λn−1loose.
Here Λn−1loose ⊂ (Y
2n−1, ξ) is the (unique) loose Legendrian in the same formal class as Λn−1.
Said another way, there is a Weinstein cobordism C2n that is Weinstein homotopic to the
trivial one such that Λn−1loose ⊂ ∂−C
2n = (Y 2n−1, ξ) viewed as a Legendrian of ∂+C
2n is Leg-
endrian isotopic to Λn−1 under the non-trivial identification of ∂+C
2n with (Y 2n−1, ξ). So
from this point of view, (C2n, Ln) is just (T ∗(Λloose× [0, 1]) ∪H
n−1 ∪HnΛ′ ,Λloose × [0, 1]) for
some loose Legendrian Λ′ which is symplectically linked with Λloose.
We apply this result to the Legendrians Λi ⊂ (Y, ξ). Since Λi are formally Legendrian
isotopic, Λi,loose are Legendrian isotopic by the h-principle for loose Legendrians [52]; we
will fix one representative Λloose of these Legendrians. Then by [44] there exist Weinstein
cobordisms C2ni with the following properties: ∂−C
2n
i = (Y, ξ), C
2n
i are homotopic to trivial
Weinstein cobordisms, and C2ni contain trivial Lagrangian cobordisms Λloose × [0, 1] ⊂ C
2n
i
such that Λloose × {1} viewed as a Legendrian of ∂+C
2n
i = (Y
2n−1, ξ) is Legendrian isotopic
to Λi. Next we form X
2n := Stack(Y,ξ)(C
2n
1 , · · · , C
2n
k ). Even though each C
2n
i is Weinstein
homotopic to (Y, ξ) × [0, 1], the stacked cobordism X2n might not be Weinstein homotopic
to (Y, ξ)× [0, 1]; see Corollary 3.13. However since C2ni are smoothly trivial and n ≥ 3, X
2n
is still smoothly trivial.
There is a Lagrangian cobordism Λloose×[0, k] ⊂ X
2n. Its positive boundary Λloose×{k} ⊂
∂+X
2n is not loose since the attaching spheres of X2n are symplectically linked with Λloose.
For each i, we will construct Lagrangian cobordisms Lni ⊂ X
2n from Λi ⊂ (Y, ξ) to Λloose ×
{k} ⊂ ∂X2n; so ∂−Li = Λi and ∂+Li will all agree with the fixed Legendrian Λloose×{k} as
desired. To construct Lni , we first Weinstein homotope X
2n = Stack(Y,ξ)(C
2n
1 , · · · , C
2n
k ) to
C2ni ◦D
2n
i for the Weinstein cobordismD
2n
i = Stack(Y,ξ)(C
2n
1 , · · · , C
2n
k )\Ci. By construction,
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Λi ⊂ ∂+C
2n
i is Legendrian isotopic to Λloose × {1} ⊂ ∂+C
2n
i in ∂+C
2n
i . The Lagrangian
cobordism Lni ⊂ X
2n is defined by gluing the trivial cobordism Λi × [0, 1] ⊂ C
2n
i with the
cobordism induced by the Legendrian isotopy from Λi to Λloose in ∂+C
2n
i with the trivial
cobordism Λloose× [1, k] ⊂ D
2n
i . Then ∂−Li = Λi ⊂ (Y, ξ) and ∂+Li = Λloose×{k} ⊂ ∂+D
n
i .
Now we Weinstein homotope C2ni ◦D
2n
i back to X
2n = Stack(Y,ξ)(C
2n
1 , · · · , C
2n
k ). Since this
Weinstein homotopy consists just of changing the order of handle attachment, the Legendrian
Λloose×{k} ⊂ ∂+D
n
i corresponds to the Legendrian Λloose×{k} ⊂ ∂+X
2n. So we can view Lni
as a regular Lagrangian in X2n with ∂−L
n
i = Λi and ∂+L
n
i = Λloose×{k} as desired. Finally,
Lni is smoothly trivial since it is a concatenation of three smoothly trivial cobordisms. 
Remark 5.3. Although Λi are all Legendrian isotopic to Λloose×{1} in ∂+C
2n
i , they may not
be Legendrian isotopic in ∂+X
2n once we attach the rest of the handles of X2n. This is why
the Lagrangian cobordism Li uses the Legendrian isotopy from Λi to Λloose×{1} in ∂+C
2n
i .
We do not know if it is possible to control the Weinstein homotopy type of C2n and
require C2n to be Weinstein homotopic to the trivial Weinstein cobordism (Y, ξ)× [0, 1]. In
principle, starting with different collections of Legendrians Λ1, · · · ,Λk ⊂ (Y, ξ) might lead
to different (smoothly trivial) Weinstein cobordisms X2n.
Theorem 5.2 can be used to convert Lagrangians with formally isotopic Legendrian bound-
aries into Lagrangians with genuinely isotopic Legendrian boundaries. The following result
is the Legendrian analog of Corollary 1.11.
Corollary 5.4. If W 2n, n ≥ 3, is a Weinstein domain and Lni ⊂W
2n are exact Lagrangians
with formally isotopic Legendrian boundaries, then there is a Weinstein domain X2n almost
symplectomorphic to W 2n and exact Lagrangians Kni ⊂ X
2n formally isotopic to L2ni with
Legendrian isotopic boundaries. Furthermore, W 2n is a subdomain of X2n and Kni extends
Lni in the sense that K
n
i |W = L
n
i .
Proof. Applying Theorem 5.2 to the formally isotopic Legendrians ∂Lni ⊂ ∂W
2n, we get
a smoothly trivial Weinstein cobordism C2n with ∂−C
2n = ∂W 2n and regular Lagrangian
cobordisms Jni ⊂ C
2n such that ∂−J
n
i = ∂L
n
i and ∂+J
n
i all coincide. Then K
n
i := L
n
i ◦ J
n
i ⊂
W 2n ◦ C2n =: X2n satisfies the desired conditions. 
The Lagrangians Lni do not have to be regular and the domain W
2n does not have to be
Weinstein. However if W 2n is Weinstein, then so is X2n and if Lni ⊂ W
2n are regular, so
are Kni ⊂ X
2n. Unlike in Corollary 5.1, here we only need a single Weinstein embedding
ψ : W 2n →֒ X2n to make the claim that Kni extends L
n
i , i.e. ψ
−1(Kni ) = L
n
i . This is possible
since we do not require the Kni to coincide (and indeed they may have different smooth
topology); we only require their Legendrian boundaries ∂Kni to coincide. As in Theorem
5.2, we do not know whether it is possible to make X2n,W 2n be Weinstein homotopic.
Applying the h-principle for flexible Lagrangians [26] to Corollary 5.4, we can construct
Legendrians with many Lagrangians fillings that have prescribed smooth topology.
Corollary 5.5. Suppose that W 2n, n ≥ 3, is an almost Weinstein domain and Ln1 , · · · , L
n
k ⊂
W 2n are formal Lagrangians with formally isotopic boundaries. Then there exists a Wein-
stein domain X2n almost symplectomorphic to W 2n and regular Lagrangians Kni ⊂ X
2n
formally isotopic to Lni with Legendrian isotopic boundaries.
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Using Corollary 5.5, we can produce Legendrians with many Lagrangian fillings with
different topology. Now we show how to produce Legendrians with many fillings that are
diffeomorphic and even formally isotopic but are not isotopic through Lagrangians with
Legendrian boundary. The first such examples were constructed in [20]; these are Legendrian
links in (S3, ξstd) with smoothly isotopic Lagrangian fillings in B
4 that have increasing genus.
In the following result, we produce some high-dimensional examples of Lagrangian disk
fillings in an exotic cotangent bundle; it is possible to modify our construction to produce
fillings and domains with much more general topology.
Corollary 5.6. For all k, there exists a Weinstein domain W 2n, n ≥ 3, almost symplec-
tomorphic to T ∗Mn that has k formally isotopic regular Lagrangian disks with the same
Legendrian boundary that are not isotopic through Lagrangians with Legendrian boundary.
Proof. By considering the graphs of the differential of certain functions, Abouzaid and Sei-
del [3] constructed infinitely many Lagrangian disks Dni ⊂ T
∗Mnstd with connected Legen-
drian boundary in ∂T ∗Mnstd such that their wrapped Floer homology with the zero-section
WH(Dni ,M
n;T ∗Mnstd) is different for different i. In particular, these disks are not isotopic
through Lagrangians with Legendrian boundary and it is likely that they do not have the
same Legendrian sphere boundaries in ∂T ∗Mnstd; we will modify these examples to make
their Legendrian boundaries coincide. Furthermore, the Lagrangian formal class of these
disks is determined by their intersection number with the zero-section and hence it is easy
to construct infinitely many such disks that are all formally Lagrangian isotopic.
By Corollary 5.4, there exists a Weinstein domain W 2n almost symplectomorphic to
T ∗Mnstd that contains regular Lagrangian disks K
n
i with the same Legendrian sphere bound-
ary in ∂W 2n. Furthermore, Kni extends D
n
i in the sense that there is a single Weinstein
embedding ψ : T ∗Mnstd →֒ W
2n such that ψ−1(Kni ) = D
n
i ⊂ T
∗Mnstd for all i. We will
use ψ(Mn) ⊂ W 2n as a test Lagrangian. The intersection points of ψ(Mn),Kni ⊂ W
2n
are contained in ψ(T ∗Mstd) since ψ(M) ⊂ ψ(T
∗Mstd). Applying the no-escape lemma
[3] to W 2n\ψ(T ∗Mnstd), all Floer trajectories in W
2n asymptotic to intersection points of
ψ(Mn),Kni ⊂ W
2n are also contained in ψ(T ∗Mnstd) ⊂ W
2n. The no-escape lemma ap-
plies since the intersection points are contained in ψ(T ∗Mstd) and the Legendrian bound-
ary ∂Dni ⊂ ∂T
∗Mnstd is connected. Therefore WH(ψ(M
n),Kni ;W
2n) is isomorphic to
WH(ψ(Mn),Kni |ψ(T ∗Mn);ψ(T
∗Mnstd)). Since ψ
−1(Kni ) = D
n
i ⊂ T
∗Mnstd, the latter is iso-
morphic to WH(Mn,Dni ;T
∗Mnstd). By construction WH(M
n,Dni ;T
∗Mnstd) are all different
and hence so are WH(ψ(Mn),Kni ;W
2n). Therefore, Kni ⊂ W
2n are not isotopic through
Lagrangians with Legendrian boundary. 
Corollary 5.6 can be generalized to produce Lagrangians fillings in Weinstein domains with
essentially arbitrary topology. We just need some collection of formally isotopic Lagrangians
with connected Legendrian boundaries and some closed test Lagrangian whose wrapped
Floer homology with these Lagrangians is different.
5.3. Weinstein domains with many closed Lagrangian submanifolds. In Corollar-
ies 5.5 and 5.6, we constructed Legendrians with many Lagrangian fillings that either have
different topology or are formally isotopic (and hence diffeomorphic) but not Hamiltonian
isotopic. Now we consider the closed case. In Corollary 1.6, in the Introduction, we con-
structed Weinstein domains with many closed, exact Lagrangians with different topology.
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We can also construct Weinstein domains with many closed, exact Lagrangians that are
formally isotopic but not Hamiltonian isotopic. The following is Corollary 1.7 from the
Introduction.
Corollary 5.7. For all k, there is a Weinstein domain W 2n, n ≥ 3, almost symplectomorphic
to T ∗Mnstd that has k regular Lagrangians that are formally Lagrangian isotopic to M
n
std ⊂
T ∗Mstd (via the almost symplectomorphism to W ) but are not Hamiltonian isotopic in W
2n.
Proof. As in the proof of Corollary 5.6, we again use the formally isotopic regular Lagrangian
disks Dni ⊂ T
∗Mstd produced in [3] that have different wrapped Floer homology with the
zero-section WH(Dni ,M
n
std;T
∗Mnstd). By Corollary 5.1, there exists a Weinstein domain
W 2n almost symplectomorphic to T ∗Mnstd with a single Lagrangian disk D
n ⊂ W 2n with
Legendrian boundary and k Weinstein embeddings ϕi : T
∗Mstd →֒ W such that ϕ
−1
i (D
n) =
Dni ⊂ T
∗Mstd. By the no-escape lemma [3] (which requires the fact that ∂D
n
i is connected),
we again have WH(ϕi(M
n
std),D
n;W 2n) ∼= WH(ϕi(M
n
std),D
n|ϕi(T ∗M);ϕi(T
∗Mnstd)). Since
ϕ−1i (D
n) = Dni ⊂ T
∗Mstd, this is isomorphic to WH(M
n
std,D
n
i ;T
∗Mnstd), which are different
by assumption. HenceWH(ϕi(M
n
std),D
n;W 2n) are also all different and so ϕi(M
n
std) are not
Hamiltonian isotopic for different i. Furthermore, these Lagrangians are formally isotopic
to the zero-section Mnstd ⊂ T
∗Mnstd since ϕi(M
n) ⊂W 2n is obtained from Mnstd ⊂ T
∗Mstd by
adding a smoothly trivial Weinstein cobordisms to T ∗Mstd. 
We note that the proof of Corollary 5.7 is in some sense opposite to the proof of Corol-
lary 5.6. In the former, we used a single Lagrangian disk as a test Lagrangian to distin-
guish closed Lagrangians. In the latter, we used a single closed Lagrangian sphere as a
test Lagrangian to distinguish Lagrangian disks (with the same boundary). We also note
that for any k ≥ 2, the domain W 2n as constructed above is always exotic and not We-
instein homotopic to T ∗Mnstd. Otherwise there would be (at least) two closed Lagrangians
Mn1 ,M
n
2 ⊂ T
∗Mstd and a Lagrangian disk with Legendrian boundary D
n ⊂ T ∗Mstd such
that WH(Mn1 ,D
n;T ∗Mstd) 6= WH(M
n
2 ,D
n;T ∗Mstd). However by [1, 35], all closed ex-
act Lagrangian submanifolds of T ∗Mstd are equivalent in the wrapped Fukaya category of
T ∗Mstd and hence must have isomorphic wrapped Floer homology with any other test La-
grangian. Finally, we observe that it is easy to modify the topology of the ambient Weinstein
domain to produce more general examples. We can add any Weinstein cobordism C2n to
W 2n and ϕi(M
n) ⊂W 2n ⊂W 2n ◦ C2n will still not be Hamiltonian isotopic since they still
have different wrapped Floer homology with Dn ⊂W 2n ◦ C2n, where we extend Dn ⊂W 2n
trivially to Dn ⊂W 2n ◦ C2n.
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